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Abstract— Multi-Agent Combinatorial Path Finding (MCPF)
seeks collision-free paths for multiple agents from their initial
locations to destinations, visiting a set of intermediate target
locations in the middle of the paths, while minimizing the sum
of arrival times. While a few approaches have been developed
to handle MCPF, most of them simply direct the agent to
visit the targets without considering the task duration, i.e., the
amount of time needed for an agent to execute the task (such
as picking an item) at a target location. MCPF is NP-hard to
solve to optimality, and the inclusion of task duration further
complicates the problem. This paper investigates heterogeneous
task duration, where the duration can be different with respect
to both the agents and targets. We develop two methods,
where the first method post-processes the paths planned by
any MCPF planner to include the task duration and has no
solution optimality guarantee; and the second method considers
task duration during planning and is able to ensure solution
optimality. The numerical and simulation results show that our
methods can handle up to 20 agents and 50 targets in the
presence of task duration, and can execute the paths subject to
robot motion disturbance.

I. INTRODUCTION

Multi-Agent Path Finding (MAPF) seeks a set of collision-
free paths for multiple agents from their start to goal loca-
tions while minimizing the total arrival times. This paper
considers a generalized problem of MAPF, called Multi-
Agent Combinatorial Path Finding (MCPF), which further
requires the agents to visits a set of intermediate target loca-
tions before reaching their goals. MAPF and MCPF arises in
applications such as manufacturing and logistics. Consider a
fleet of mobile robots in a factory that are tasked to unload
finished parts from different machines. The robots share a
cluttered workspace and need to find collision-free paths to
visit all the machines as the intermediate targets before going
to their destinations to store the parts. MCPF naturally arises
in such settings to optimize the manufacturing plan. MCPF
is challenging due to both the collision avoidance between
agents as in MAPF, and target sequencing, i.e., solving
Traveling Salesman Problems (TSPs) to find the allocation
and visiting orders of targets for all agents. Both the TSP
and the MAPF are NP-hard to solve to optimality [20], and
so is MCPF.

Although a few approaches have been developed [1], [4],
[9], [13]-[15], [18], [21] to handle MCPF and its variants
recently, most of them ignores or simplifies the rask duration
at a target location, which is ubiquitous in practice and is
the main focus of this paper. In other words, when a robot
reaches a target to execute the task there, it takes time for

All authors are with Shanghai Jiao Tong University, China. (email:
yuanhang0610@gmail.com; zhongqiang.ren@sjtu.edu.cn).

Fig. 1. A toy example of MCPF-D. The target locations with heterogeneous
task duration are marked as the white disks in (a). (c) shows the a 4x4
grid representation of the workspace in (a) and each cell is encoded with
a number as shown in (b). There are three targets 6, 9, 10, which are
marked as square in (c). The color of the targets in (c) shows the assignment
constraints. For instance, the task at target 10 can only be executed by the
green agent with task duration 1, or by the yellow agent with task duration
4. The S and G shows the initial and goal locations of the agents.

the robot to finish the task, and during this period, the robot
has to occupy that target location and thus blocks the paths
of other agents. Additionally, when sequencing the targets,
the task duration must be considered when solving the TSPs
to optimally allocating the targets and finding the visiting
order. Furthermore, task duration can be heterogeneous with
respect to the agents and targets: different agents may take
different duration for the task at the same target, and for the
same agent, different targets may require different duration.

To handle task duration, this paper first formulates a
new problem variant of MCPF called MCPF-D, where D
stands for heterogeneous task duration (Fig. 1). MCPF-D
generalizes MCPF and is therefore NP-hard to solve to
optimality. We then develop two methods to solve MCPF-D.

The first method has no solution optimality guarantee. It
begins by ignoring the task duration and using an existing
planner for MCPF (such as [15]) to find a set of paths,



and then post-processes the paths to incorporate the task
duration while avoiding collision among the agents. The
post-processing leverages [4] to build a temporal planning
graph (TPG) that captures the precedence requirement be-
tween the waypoints along the agents’ paths, and then add
the task duration to the target locations while maintaining
the precedence requirement to avoid agent-agent collision.
While being able to take advantage of any existing planner
for MCPF, this first method only finds a sub-optimal solution
to MCPF-D and the solution cost can be far away from
the true optimum especially in the presence of large task
duration. We instantiate this method by using CBSS as the
MCPF planner and name the resulting algorithm CBSS-TPG.

To find an optimal solution for MCPF-D, we develop our
second method called Conflict-Based Steiner Search with
Task Duration (CBSS-D), which is similar to CBSS [15] by
interleaving target sequencing and path planning. CBSS-D
considers task duration during planning, and CBSS-D differs
from CBSS as follows. First, CBSS-D solves TSPs with task
duration to find optimal target sequences for the agents to
visit, and thus modifies the target sequencing part in CBSS.
Second, when an agent-agent collision is detected during
path planning, CBSS-D introduces a new branching rule,
which is based on the task duration, to resolve the collision
more efficiently than using the basic branching rule in CBSS.

We test and compare our two approaches using an online
dataset [17]. As shown by our results, both CBSS-TPG and
CBSS-D can handle up to 20 agents and 50 targets, and
the solution cost returned by CBSS-D is up to 20% cheaper
than CBSS-TPG especially when the task duration is large.
Furthermore, the new branching rule in CBSS-D is able to
help avoid up to 80% of the planning iterations needed for
collision resolution in comparison with the regular branching
rule in CBSS. Finally, we combine CBSS-D and TPG to
both find high quality paths and execute the paths on robots
with motion disturbance or inaccurate task duration, which
is validated by our high-fidelity simulation in Gazebo.

II. PROBLEM FORMULATION

Let index set I = {1,2,..., N} denote a set of N agents.
All agents move in a shared workspace represented as an
finite undirected graph G = (V, E)), where the vertex set V
represents the possible locations for agents and the edge set
E CV xV denotes the set of all possible actions that can
move an agent between two vertices in V. An edge between
u,v € V is denoted as (u,v) € E, and the cost of an
edge e € E is a positive real number cost(e) € (0,00).
To simplify the problem, we consider the case where each
edge has a unit cost, which is equal to the traversal time of
that edge.

We use a superscript ¢ € I over a variable to represent
the agent to which the variable relates (e.g., v* € V means
a vertex related to agent 7). The start (i.e., initial vertex) of
agent i is expressed as v’ € V, and V,, € V denotes the set
of the starts of all agents. There are N destination vertices
in G denoted by the set V; C V. The destination vertices are
also called goal vertices. In addition, let V; C V\{V, U V;}

denote the set of M (intermediate) target vertices. Each target
or destination vertex v € V; U Vj is associated with a task
that must be executed by an agent. For each v € V; UV,
let f4(v) C I denote the subset of agents that are capable
to visit v and execute the task at v. Specifically, for each
v €V, UVy, let task duration Ti(v), a non-negative integer,
denote the amount of time that agent ¢ € f4(v) takes to
execute the task at v. For the same vertex v € V; U Vy,
different agents may take different amount of time to execute
the task, and hence heterogeneous task duration. Any agent
1 € I (including ¢ ¢ fa(v)) can occupy v along its path
without executing the task at v € V; U V.

All agents share a global clock. An agent 7 has three
possible actions a’: move through an edge, wait in the current
vertex, or execute the task if the agent is at v € V; U V.
Here, both move and wait take a unit time and executing
the task takes the amount of time indicated by the task
duration. The cost of an action cost(a’) is the amount of
time taken by that action. Let 7’ (v{,v},) := (af, a5, ..., a})
denote a path for agent ¢ between vertices v{ and vy, in G,
where a}‘w k=1,2,...,¢ denote an action of the agent. Let
g(m (v}, v})) denote the cost of the path, which is the sum
of the costs of all the actions taken by the agent in the path:
g(m'(vi,vp)) = Zk:l,Q,...,Z—l cost(ay,).

Any two agents 4,7 € I are in conflict for any of
the following two cases. The first case is an edge conflict
(i,7,e,t), where two agents 4,j € I go through the same
edge e from opposite directions between times ¢ and ¢ + 1.
The second case is a vertex conflict (i,7,v,t), where two
agents ¢,j € I occupy the same vertex v at the same time
t. Note that due to task duration, vertex conflicts include
the case where an agent ¢ € I is executing a task at some
v € V; UV, within the time range [t,t + 7¢(v)], and another
agent j € I,j # i occupies v at some time ¢’ € [t,t+7%(v)].

The MCPF-D problem aims to find a set of conflict-free
paths for the agents such that: (i) the task at any v € V; UVy
is executed by an eligible agent i € f4(v); (ii) each agent
i € I starts its path from v} and ends at a unique goal
u € Vg such that ¢ € f4(u); (iii) the sum of the path cost of
all agents reaches the minimum.

Remark 1: When 7i(v) = 0 for all v € V; U Vy,i €
fa(v), MCPF-D becomes the existing MCPF problem [15].
Here, a path 7 is represented by a list of actions of agent
i, and such a 7% can always to converted to a list of
vertices ' = (vi,vd,...,vi) (not vice versa), where the
subscripts indicate the consecutive time steps and the vertices
indicate the locations of the agent at the corresponding time
steps. For the rest of this paper, we use both representation
interchangeably.

III. PRELIMINARIES

A. Conflict-Based Steiner Search

1) Overview: [15] for MCPF is shown in Alg. 1,!
which interleaves target sequencing and path planning as

'In Alg. 1, Line 2 and 12 are marked in blue indicating the differences
between CBSS and CBSS-D, which will be explained in Sec. V.
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Fig. 2. An illustration of CBSS and CBSS-D. Both of them generate K-
best target sequences and leverage CBS to resolve conflicts between agents.
The differences between them are represented by the transformation and
constraints generation, which are highlighted by gray-filled text boxes.
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follows (Fig. 2). CBSS creates a complete undirected target
graph Gy = (Vp,Ep,Cr) with the vertex set Vp =
Vo VtUVd(|Vr| = 2N + M) and edge set Ep (Line 1).
Here, Cp represents a symmetric cost matrix of size (2N +
M) x (2N + M) that defines the cost of each edge in Er,
which is the minimal path cost between the two vertices
in the workspace graph GG. CBSS then ignores any conflict
between the agents and solve a mTSP on G to find target
sequences that specify the allocation and visiting order of
the targets for each agent (Line 2, Sec. III-A.2). Next,
CBSS fixes the target sequence, plans the corresponding
paths, and then resolves conflicts along the paths by using
Conflict-Based Search (Line 3-17, Sec. III-A.3). Finally,
CBSS alternates between resolving conflicts along paths and
generating new target sequences until an optimal solution is
found.

2) K-best joint sequences: To generate new target se-
quences, CBSS solves a K-best TSP, which requires ﬁnding
a set of K cheapest target sequences. Specifically, let
{v6, uf, uy, .. uj, vy} denote a rarget sequence Vlslted by
agent ¢ € I, where v is the start of agent 1, uj i is the j-th
target visited by agent ¢ with j = 1,...,0 and v} € Vj is
the goal of agent i. Let v = {y% : i € I} denote a joint
(target) sequence, which is a collection of target sequences
of all agents. The cost of a joint sequence is defined as
cost(y) := Y, cost(y"), where the cost between any two
targets u,v € 7" is set to be the minimum path cost from u
to v in G. Here, CBSS seeks a set of K-best joint sequences
V1,72, ---, Vk» Whose costs are monotonically non-decreasing:
cost(v7) < cost(vs) < ... < cost(v;).

Algorithm 1 Pseudocode for CBSS (CBSS-D)

1: GT = (Vr, Er,Cr) < ComputeGraph(G)

2: v « K-best-Sequencing(Gr,fa,K = 1)

3: Q0«0

4: 7, g < LowLevelPlan(~7, Q)

5: Add Proot,1 = (m,9,Q) to OPEN

6: while OPEN is not empty do

7: P = (m,gl, Ql) — OPEN.pOp()

8: Py, = (7K, gk, Q) < CheckNewRoot(P;, OPEN)
9: cft < DetectConflict(my)

10: if cft = NULL then

11: return 7y

12: Q < GenerateConstraints(cft)

13: for all w* € Q2 do

14: = U{w'}

15: ey G < LowLevelPlan(vy(Py), Q)

16: // In this LowLevelPlan, only agent 4’s path is planned.
17: Add P}, = (m},, g1, ;) to OPEN

18: return failure

To find K-best joint sequences, CBSS first leverages a
transformation method in [7] to convert a mTSP to an
equivalent (single agent) TSP so that the existing TSP solver
(such as LKH [3]) can be used. The resulting solution to
the TSP can then be un-transformed to obtain the joint
sequence to the original mTSP. Additionally, to find K-best
joint sequences, CBSS leverages a partition method [2], [19],
which iteratively creates new TSPs in a systematic way based
on the first (K — 1)-best joint sequences, obtains an optimal
solution to each of the new TSPs, and picks the cheapest
solution as the K-th best solution.

3) Conflict Resolution: For each joint sequence, CBSS
uses CBS, a two-level search that creates a search tree, to
resolve conflicts and plan paths. Each node P in a tree is
defined as a tuple of (7, g,Q), where: 7 = (7!, 72, ..., 7V)
is a joint path, a collection of all agents” paths; g is the scalar
cost value of , i.e., g = g(7) = Zzelg( 7'); and € is a set
of (path) constraints,” each of which is (i,v,t) (or (4,e,t))
and indicates that agent ¢ is forbidden to occupy vertex v (or
traverse edge e) at time ¢.

We first describe CBSS when there is only one joint
sequence and then describe when to generate new joint
sequences. With the first computed joint sequence v, a joint
path 7y is planned by running some low-level (single-agent)
planner such as A* for each agent, while visiting the targets
in the same order as in ;. Then, a node corresponding to
v is created, which becomes the root node of the first tree.
If no conflict is detected between agents in 7y, the search
terminates and return m;, which is an optimal solution to
MCPF. Otherwise (i.e., 71 has a conflict, say(%, j, v, t)), then
two new constraints (¢,v,¢) and (j,v,t) are created as in
CBS [16]. For each new constraint (say (%, v,t)), the low-
level planner is invoked for agent ¢ to find a minimum-cost
path that satisfies all constraints that have been imposed
on agent ¢, and follows the same target sequence as in 7.
Then, a corresponding node is generated and added to OPEN,

2For the rest of this article, we refer to path constraints simply as
constraints, which differs from the aforementioned assignment constraint.



where OPEN is a queue that prioritizes nodes based on their
g-values from the minimum to the maximum. In the next
search iteration, a node with the minimum cost is popped
from OPEN for conflict detection and resolution again. The
entire search terminates until a node with conflict-free joint
path is popped from OPEN, which is returned as the solution.

CBSS generates new joint sequences when needed during
this search process. When a node P = (m,g(w),Q) is
popped from OPEN. If g() is no larger than the cost of
a next-best joint sequence (say cost(v3)), then, the search
continues to detect and resolve conflict as aforementioned.
Otherwise (i.e., g(m) > ~3), a new (root) node (of a new
tree) is created, where paths of agents are planned based
on v5. Then, the same conflict detection and resolution
process follows. Note that since cost(v}) is a lower bound
to the optimal solution cost of MCPF, and that the nodes are
systematically generated and expanded in a best-first search
manner, CBSS finds an optimal solution to the MCPF [15].

B. Temporal Plan Graph

To handle kinematic constraints of robots, Temporal Plan
Graph (TPG) [5] was developed to post-process the joint
path output by a MAPF (or MCPF) planner. TPG converts
a joint path to a directed acyclic graph G = (V, ), where
each vertex s € V represents an event® that an agent enters
a location, and each directed edge e = (s, s/) € & indicates
a temporal precedence between events: event s’ happen after
event s. There are two types of edges in G and the intuition
can be described as follows. Given a conflict-free joint path
7= (n!,7%,...,7V) output by a MAPF planner.

e Type 1: Each agent ¢ € I enters locations in the same

order given by its path 7%;

o Type 2: Any two agents i,j € I,i # j enter the same
location in the same order as in their paths 7° and 77,
Let " = (v, v}, ...,v}) denote agent i’s path in 7, where s}
denotes the location agent ¢ reaches at time ¢. Let 7" denote
the largest arrival time among all agents, and for those agents
that arrive at their goals before 7', their paths are prolonged
by letting them wait at their goals until 7. A TPG is then
constructs as follows. To create vertices and Type 1 edges
in TPG, for each agent i, we extract a route r° from path
7' by removing the wait actions (i.e., keeping only the first
of the consecutive identical locations in 7%). All locations
in the routes ', 72, ...,r"Y constitute the vertices of TPG,
denoted by s¢ with i € I and ¢ € [0,7] indicating that
agent i occupies location v} at time ¢. For each pair of two
consecutive vertices s; and s}, in the route 7, a Type 1 edge
(s}, si,) is created, indicating that agent i enters s; before
entering si,. For each pair of two identical locations s} = s,
on two different routes (i # j) with ¢ < ¢/, a Type 2 edge
(si,s,) is created, indicating that agent ¢ enters st before

agent j enters sJ,.

The resulting TPG encodes the precedence requirement
that ensures the collision-free execution of the joint path 7.
In [5], a TPG is used to handle the kinematic constraints

35 denotes a vertex in G and v denotes a vertex in G.

of the robots to ensure robust execution of the paths, while
in this paper, we use TPG, combined with CBSS, as our
first method to handle task duration in MCPF-D, which is
presented next.

IV. CBSS-TPG
A. Algorithm Description

CBSS-TPG begins by ignoring all task duration (i.e., set
all task duration to 0), which yields a MCPF problem. Then
CBSS is applied to obtain a conflict-free joint path for this
MCPF problem, denoted by 7, = (7}, 72,...,7N). Then,
we propose TPG-D to post-process the joint path 7, by
incorporating the task duration and avoid additional conflicts
brought by the task duration, explained in Sec. IV-B.

Remark 2: After the first step in CBSS-TPG where a joint
path is obtained, the remaining problem is how to incorporate
the task duration into that joint path while avoiding conflicts.
A naive approach is, along the joint path 7., let an agent
1 stay at a target vertex v until the task at v is finished.
Meanwhile, let all other agents wait at their current vertex
until agent ¢ finishes the task, and then let all other agents
start to move again. This naive method would lead to many
unnecessary wait actions. We therefore develop TPG-D,
which is able to identify a small subset of agents that are
affected by a task, and only let these affected agents wait
until that task is finished.

B. TPG Post-Process

Our method TPG-D (Alg. 2) takes as input a joint path
m output by CBSS, task duration 7 and a TPG G that is
constructed by the method in [5], and returns conflict-free
joint path m. with the task duration incorporated. TPG-D
is based on the following property of TPG: Recall that the
directed edges in G indicates the precedence between events.
When an event happens (i.e., an agent has reached a location
s%), both s¢ and all out-going edges of si can be deleted from
G to remove the corresponding precedence constraints. Then,
an event has no precedence constraint (and can take place)
if the corresponding vertex si has zero in-degree in G.

Based on this property, TPG-D further introduces duration
value D(st) for each vertex si € V to handle task duration,
where D(s?) represents the time agent i should spend at
location si. Here, D(s!) includes both the waiting time (if
any) and the task duration of agent i at si. TPG-D is an
iterative algorithm, and in any iteration, let Ly denote the
list of vertices in G with zero in-degree, and let L, denote
a list of vertices to be deleted in G.

At the beginning, TPG-D initializes 7, (the joint path to be
returned) with () and v,. (the current joint vertex of all agents)
with the starting vertices of all agents (Line 3-4). TPG-D
initializes D(s!) for all si € G by finding the waiting time
and the task duration at s based on 7, and 7. If there is no
wait or no task duration related to sé, procedures WaitTime
and TaskDuration simply return zero and D(s!) = 0.

In each iteration (Line 6-19), TPG-D first finds the set L
of all vertices with zero in-degree in G (Line 7). Then, for
each vertex si in Lo, TPG-D reduces its D-value by one



Algorithm 2 Pseudocode for TPG-D

1: Input: A TPG G, a joint path 7 output by CBSS, and all task
duration .

2: Output: A conflict-free joint path 7. where each agent follows
the same visiting order in G

e < (0,0, ...,0)
0

ve — (v, 3, ..A,v(])\’)

3:
4: . . .
5: D(s;) + WaitTime(v;, 7) + TaskDuration(v,m,7)
6: while G # () do

7 Lo <+ ZerolnDegVertices(G)

8

Li+— 0
9:  for all s] € Ly do
10: vl < s]
11: if D(s]) > 0 then
12: D(s])=D(s]) —1
13:  forall s] € Lo do
14: if CheckDelete(s]) then
15: Add s to Ly

16: Delete all s € Ly from G

17: for all i <+ 1 to N do '

18: if Agent ¢ has not reached the end of 7* then
19: Append v, to the end of 7,

20: return m. > Final conflict-free joint path

unless D(s?) is already zero. Then, TPG-D finds all si in
L that should be deleted from G (Line 13-15) via procedure
CheckDelete and add them into L,. CheckDelete can be
implemented in different ways [5], [6] and we consider the
following three conditions when a vertex s¢ can be deleted:
(i) the in-degree of s! is zero; (ii) D(s%) = 0 and (iii) the
agent can reach the next vertex s, without colliding with
any other agents. Here, (iii) is needed since another agent
Jj may stay at vertex s/, = s} 41 for task execution, and if
agent ¢ leaves s;, i cannot reach s} ;. Then, TPG-D deletes
all vertices in Ly from G and append v. € v, (the current
vertex of each agent) to the end of 7Ti for each 7 € I, if
¢ has not reached its goal yet. In the next iteration, since
vertices in Ly are deleted from G, Ly will change and v,
will be updated correspondingly. TPG-D terminates when G
is empty, which means all agents have reached their goals
(Line 6).

Example 1: For the example in Fig. 1, after invoking
CBSS, the resulting joint sequence is v* = (8,9,10,11),
7% = (1,13), v3 = (2,6,14) and the resulting joint path is
7l =(8,9,10,11), 72 = (1,5,9,13), 7> = (2,6,6, 10, 14)).
If one simply add the task duration back to 7,, the resulting
joint path 7y = ((8,9,9,9,10,10,11), 7} = (1,5,9,13),
2 = (2,6,6,6,6,6,6,10,14) is not conflict-free. Fig. 3
shows the constructed TPG by the method in [5] and the
blue number on the upper right corner of each circle in Fig. 3
shows the D-value introduced by our TPG-D. The returned
joint path by TPG-D is 70 = (8,9,9,9,10,10,11), w} =
(1,5,5,5,9,13), 72 = (2,6,6,6,6,6,6,10,14)), which is
conflict-free.

C. Properties

We say a joint path 71 follow the same visiting order as o,
if the following conditions hold: (i) every vertex that appears
in 7¢ also appear in 73 for all i € I; (ii) if vertex u appears
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Fig. 3. TPG of the example in Fig. 1. Vertex si means agent ¢ moves to
location s at time ¢, and the number in blue is the value of D(s}). The
orange arrows represent Type 1 edges and the red arrows represent Type 2
edges.

after v in 7, then w also appears after v in 75 for all 7 € I;
(iii) if a vertex v appears in two agents’ paths 7%, 7, i # j
and j visits v after 4 has visited v, then j also visits v after
i has visited v in 7%, 7. Note that two joint paths with the
same visiting order may differ due to variations in the waiting
periods experienced by some agents along each path.

The construction of the TPG G captures the precedence
between the agents in 7 using Type 1 and Type 2 edges [5].
The 7. returned by TPG-D preserves the precedence in 7 by
iteratively deleting and appending the zero in-degree vertices
(via CheckDelete) to the returned joint path. By enforcing
the precedence, 7. follows the same visiting order as 7. We
summarize this property in the following theorem.

Theorem 1: Let w, T and G denote the input to TPG-D.
Then, 7. returned by TPG-D follows the same visiting order
as 7.

Theorem 1 ensures that all agents eventually reach their
respective goals along 7.. Additionally, the third condition in
CheckDelete in TPG-D ensures that an agent does not move
to its next vertex along its path unless the agent can reach it
without conflict. Therefore, we have the following theorem.

Theorem 2: The joint path 7. generated by TPG-D is
conflict-free solution to MCPF-D.

CBSS-TPG can’t guarantee the optimality of the returned
solution 7.. Next, we will introduce our second method
CBSS-D which finds an optimal solution for MCPF-D.

V. CBSS-D

There are two main differences between CBSS-D and
CBSS: First, CBSS-D modifies the transformation method
for target sequencing to handle task duration (Sec. V-A);
Second, when a conflict is detected, CBSS-D introduces a
new branching rule, which leverages the knowledge of task
duration, to resolve the conflict more efficiently than using
the basic branching rule in CBSS (Sec. V-B).

A. Transformation for Sequencing

As aforementioned, to find K-best joint sequences, CBSS
first leverages a transformation method to convert a mTSP to
an equivalent (single agent) TSP, then uses a partition method
to solve a K-best (single agent) TSP, and then un-transform
each of the obtained K-best (single agent) tours to a joint
sequence. Here, CBSS-D only modifies the transformation
method while the partition method remains the same.

The transformation method first creates a transformed
graph G'rr out of the target graph G by defining the vertex
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Fig. 4. The transformation method for the toy example in Fig. 1. Here,
(a) shows the transformed graph G . The cost related to task duration is
denoted by +x, where x is the corresponding task duration. (b) shows the
TSP tour in G computed by a TSP solver. (c) shows the joint sequence
untransformed from the TSP tour.

set Vrp as Vpp := Vo U, where U is an augmented set
of targets and goals: for each v € V;|J Vg, a copy of v* of
v for agent 7 is created if ¢ € f4(v). Making these copies of
each target v for agents in f4(v) help handle the assignment
constraints [15]. The edges Erp and their corresponding
costs Crp are set in a way such that an optimal solution
tour in G has the features that allow the reconstruction
of a joint sequence out of the tour. In short, (i) when an
optimal tour visits the goal of agent 7, the tour will visit the
initial vertex of the next agent ¢ 4+ 1. This allows breaking
the tour into multiple sub-tours based on the goals during
the reconstruction (Fig. 4(b)), and each sub-tour becomes a
target sequence of an agent in the resulting joint sequence.
(i) When an optimal solution tour in G visits a copy
of targets or destination v, the tour will immediately visit
all other copies of v before visiting a next target. When
reconstructing the joint sequence, only the first copy of a
target is kept, which identifies the agent that is assigned
to this target, and all other subsequent copies are removed
during the reconstruction of a joint sequence (Fig. 4(c)).

For each target or goal v € V;|JVy, a copy of v® of
v for agent ¢ is created if ¢ € fa(v). To include task
duration, the new part in CBSS-D is that, it adds an additional
cost 7¢(v) for the in-coming edge that goes into v‘, where
7%(v) is the task duration. Note that although the task
duration is defined on vertices, we are able to add the task
duration to a corresponding edge because there is a one-
one correspondence between each target and an in-coming
edge. For the same target, different agents may have different
duration, which is also allowed here, since for every target,
there is a unique in-coming edge for each agent. The property
of the transformation method in CBSS-D is summarized with
the following theorem. The proof in [10] and [15] can be
easily adapted.

Theorem 3: For a MCPF-D Problem, given Gp, f4 and
7, the transformation method computes a minimum cost
joint sequence that visits all targets and ends at goals while
satisfying all assignment constraints.

Example 2: For the problem in Fig. 1, as shown in Fig. 4,
the generated joint sequence by our transformation method
is v=1{(8,9,10,11),(1,13), (2,6, 14)}.

Algorithm 3 Pseudocode for GenerateConstraints

. Input: A vertex or edge conflict cft
: Output: The generated constraints 2
Q<+ 0:wr < Dywa <0
: if ¢ft is an edge conflict then
wi = {(i,e,t)}; w2 ={(j,e, 1)}
: else if CheckExecution(i) then
ts,te = TaskStartEnd(i,v,t)
w1 = {(i,v,t1)|ts S tl S t}
w2 = {(4,4,t2)|t <to < te}
. else if CheckExecution(j) then
11: ts,te = TaskStartEnd(j,v,t)
12: w1 = {(i,v,t1)|t <t: < te}
13: we = {(2,v,t2)|ts < t2 <t}
(
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14: else

15: w1 ={(,v,0)}; we = {(J,v, )}
16: Q <« {UJ1,LU2}

17: return €

B. Different Branching Rules

Naively applying the conflict resolution method in CBSS
to MCPF-D can lead to inefficient computation. For example:
when a vertex conflict (¢, j, v, t) is detected in an iteration of
CBSS, two constraints (¢,v,t) and (j,v,t) are created and
leads to two new branches. Say ¢ executes the task at target v
during time [t,¢+7%(v)]. Then, the branch with the constraint
(j,v,t) replans the path for agent j. Along the replanned
path, agent j may enter v at time ¢ + 1, which is still in
conflict with agent i if t+1 € [t, ¢+ 7*(v)]. This branch thus
requires another iteration of conflict resolution. When 7¢(v)
is large, it can lead to many iterations of conflict resolution
and thus slow down the computation. Our new branching
rule seeks to resolve multiple conflicts related to the same
task in one iteration and therefore saves computational effort.

We modify the function GenerateConstraints on Linel2 in
Alg. 1, and the modified branching rule is shown in Alg. 3.
For an edge conflict (i, j,e,t), agent ¢ and j must not be
executing any task, so CBSS-D resolves the conflict in the
same way as CBSS by generating two constraints (¢, e,t)
and (j,e,t). For a vertex conflict (4, j,v,t), agent ¢ and j
can not be simultaneously executing tasks at target v at time
t. Therefore, there are three cases to be considered:

o First, if CheckExecution finds agent ¢ is executing task at
vertex v, two sets of constraints are generated. The first
set is {(¢,v,t1)|ts < t1 <t} where ts is the time that
agent ¢ starts the task at v. The second set of constraints
is {(J,v, ta)|t < ta < t.} where t. is the time that agent
1 ends the task at v (Line 6-9).

o Second, if CheckExecution finds agent j is executing
task at v, two sets of constraints are generated in a
similar way (Line 10-13).

o If none of the agents are executing task at v, two
constraints (é,v,t¢) and (j,v,t) are generated in the
same way as in CBSS (Line 14-15).

We discuss the idea behind this branching rule in Sec.

V-C.
Example 3: In Fig. 1, there is a vertex conflict (i = 1,j =
2,v =9,t =1). When using the branching rule in CBSS to



resolve this conflict, additional vertex conflicts (i = 1,5 =
2,v=9,t=2),(i=1,j =2,0=09,t = 3) will be detected
and resolved in the subsequent iterations. When using our
new branching rule, the conflict (i =1,j =2,v=9,t =1)
can be resolved in only one iteration.

Example 4: Here we provide a comparison between
the solutions returned by CBSS-TPG and CBSS-D for
the toy problem in Fig. 1. CBSS-TPG returns 70 =
((8,9,9,9,10,10,11), w = (1,5,5,5,9,13), w2 =
(2,6,6,6,6,6,6,10,14)) with the cost of 19. CBSS-D re-
turns 70 = ((8,9,9,9,10,10,11), =} = (1,5,5,5,9,13),
2 = (2,6,6,6,6,6,10,14)) with the cost of 18 which is
the optimal cost. One can expect larger cost difference when
the task duration becomes larger.

C. Solution Optimality of CBSS-D

We first present the property of our new branching rule
and then use it to show the solution optimality of CBSS-D.

Definition 1 (Mutually Disjunctive Constraints): Two
vertex or edge constraints for agents ¢ and j are mutually
disjunctive [8], if there does not exist a conflict-free joint
path such that both constraints are violated. Besides,
two sets of constraints corresponding to agent ¢ and j
are mutually disjunctive if every constraint in one set is
mutually disjunctive with every constraint in the other set.

Theorem 4: For any conflict, the branching rule in Sec. V-
B generates two mutually disjunctive constraint sets C; and
Cs.

Proof: 1f the conflict between ¢ and j is an edge or
vertex conflict and none of the agents execute a task in v,
the constraints are generated in the same way as CBS and
are thus mutually disjunctive [8]. Otherwise, consider the
two sets C7, Cs of constraints generated in Alg. 3. We prove
that C7 and C5 are mutually disjunctive by contradiction.
Assuming that C; and C3 are not mutually disjunctive,
then there must exist at least one conflict-free joint path 7’
that violates at least one constraint in C7 and at least one
constraint in Cs. Then, 7 and j are in conflict along 7/, which
leads to contradiction. [ ]

With Theorem 3 4, the proof in [15] can be readily adapted
to show that the solution returned by CBSS-D is optimal
for MCPF-D. First, the transformation method in Sec. V-A
(Theorem 3) and the partition method in [2], [15], [19] finds
K-best joint sequences for a given K. For each of those
joint sequences, CBSS-D uses CBS-like search to resolve
conflicts, and Theorem 4 ensures that the search with the new
branching rule can find a conflict-free joint path if one exists.
Finally, CBSS-D is same as CBSS [15] when generating new
joint sequences and resolving conflicts, by using an OPEN
list to prioritize all candidate nodes based on their g-costs
and always select the minimum-cost one for processing. The
returned solution is thus guaranteed to be a conflict-free joint
path with the minimum-cost. We thus have the following
theorem.

Theorem 5: For a solvable MCPF-D problem (i.e., the
problem has at least one conflict-free joint path), CBSS-D
terminates in finite time and returns an optimal solution.

VI. RESULTS
A. Test Settings

We implement both CBSS-TPG and CBSS-D in Python
and use LKH-2.0.10 as the TSP solver.* Similarly to [15], we
use SIPP [12] as the low-level planner in a space-time graph
G x {0,1,2,...,T} subject to vertex and edge constraints.
We select two maps of different sizes from a online data set
and generate a four-connected grid-like graph G from each
of the maps. This data set also includes 25 test instances for
each map, where each instance includes hundreds of start-
goal pairs. For each case, we use the first start-goal pair as
the v, and vy for the robot and select randomly from the
rest of the goals as the target v;. All tests run on a computer
with an Intel Core 19-13900K CPU and 64 GB RAM. Each
test instance has a runtime limit of 1 minute and €, a hyper-
parameter in CBSS [15] that allows for bounded sub-optimal
solutions, is always set to be zero. Recall that, N, M are the
number of agents and targets respectively and the number of
destinations are not included in M.

Since there many variations of MCPF-D by selecting
different f4 and 7, it is impossible to evaluate all of them.
We select three representative scenarios:

e (Scene 1) All targets are anonymous (i.e., fa(v) =
IYv € V;UVq and 7' (v) = 77 (v),Vi,j € fa(v)).
Here, the transformation in CBSS-D can be simplified
in the same way as discussed in [11], [14], [15]: There
is no need to make copies of targets and destinations
for each agent and the related edges can be deleted.

e (Scene 2) Every destination is assigned to a unique
agent. Every target has two randomly chosen eligible
agents, and the task duration of all targets stays the
same for all eligible agents.

e (Scene 3) Similar to Scene 2, every destination is
assigned to a unique agent and every target has two ran-
domly chosen eligible agents. Additionally, every target
has heterogeneous task duration for the eligible agents,
which is a randomly sampled integer. The sampling
ranges vary in different tests and will be elaborated later.

B. CBSS-D Versus CBSS-TPG

This section compares CBSS-D and CBSS-TPG in Scene
1 and 2 for N € {10}, M € {10, 20, 30,40, 50} and 7*(v) €
{2,5,10,20}. We test with two maps, Random 32 x 32 and
Maze 32 x 32. Fig. 5 and 6 report the corresponding success
rates and cost ratios. The cost ratio is defined as:
cost(rcpss—Tpc) — cost(mepss—p)

cost(TcBss—TPG)

x100%
(D

For the success rates, as shown in Fig. 5, first, the maze
map is harder than the random map in general, where the
agents are more likely to run into conflict with each other.

cost ratio =

4LKH [3] (http://akira.ruc.dk/~keld/research/LKH/) is
a heuristic algorithm for TSP, which does not guarantee solution optimality
but often finds an optimal solution for large-scale TSP instances in practice.
We use LKH due to its computational efficiency. Other TSP solvers can also
be used.

Shttps://movingai.com/benchmarks/mapf/index.html
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Fig. 5. The success rates of CBSS-TPG and CBSS-D with various number
of targets M and task duration 7. The maze is harder than the random map
in general and both algorithms achieve similar success rates.

Both planners have lower success rates in the maze map than
the random map. Second, as M increases, the corresponding
TSP is harder to solve and thus the success rates decrease.
Most of the failed instances time out when solving a TSP
problem. In addition, CBSS-D and CBSS-TPG have similar
success rate in general.

For the cost ratios shown in Fig. 6, CBSS-D finds better
(up to 40% cheaper) solutions than CBSS-TPG does, espe-
cially when 7 is large. This is expected since CBSS-TPG
does not consider task duration in planning and simply let
the related agents wait till the other agents finish their task,
while CBSS-D considers task duration during planning.

C. CBSS-D With Different Branching Rules

This section compares the number of conflicts resolved
in CBSS-D by using different branching rules, namely the
regular branching rule in CBSS [15] (denoted as old) and
the new branching rule developed in this paper (denoted as
new). We run the tests in Scene 2 since it is more challenging
according to the results in the previous section. In addition
to varying M and 7, we also vary the number of agents
N € {5,10,20}. For each N, we sum up the data for M =
{10, 20, 30,40,50} and 7 = {2,5,10,20} and thus there
are 500 instances for each N. Let N°'¢ N ¥ denotes the
number of resolved conflicts using old and new branching
rules respectively.

As shown in Fig. 7, N** is usually smaller than N2'¢,
which means the new branching help reducing the number of
conflicts resolved during the planning. There are a few cases
where N9/¢ < N which is due to tie breaking since we
do not have a fixed rule to break ties.

We further introduce conflict ratio (N2!4 — New) / N2l x
100% to compare the number of conflicts. As shown in
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x
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Fig. 6. The cost ratios of CBSS-TPG and CBSS-D. The vertical axis

shows the percentage. In Scene 2 in the maze map, the cost ratio quickly
goes down to zero because the corresponding success rate is almost zero.
CBSS-D finds cheaper solution than CBSS-TPG especially when 7 is large.

M d Random 32x32 Maze 32x32
T aps an M = {10,20,30,40,50} | M = {10,20,30,40,50}
est settings 7 = {2,5,10,20} 7 = {2,5,10,20}

Number of instances with resolved conflicts and satisfying:
Nl </>/=N?

N=5 0/4/175 0/4/156

N=10 1/13/203 1/6/17

N=20 0/3/48 -/-/-
Min./Mean/Max. Conflict ratio (%)

N=5 40/57.02/71.43 4.55/19.55/40.00

N=10 -8.00/31.11/70.97 -11.43/14.22/33.33

N=20 8.38/11.52/14.48 -/-/-

Fig. 7. The number of resolved conflicts of CBSS-D with different

branching rules. The new branching rule is able to reduce the number of
conflicts resolved during planning.

Fig. 7, the new branching rule is able to reduce up to 70% of
the conflicts compared with the old branching rule. The new
rule is particularly beneficial with the long task duration.

D. Gazebo Simulation

We run simulation in Gazebo for Scene 3 to execute
the joint path planned by CBSS-D. Our simulation settings
are N = 5, M = 10,7 € [2,10] as shown in Fig. 8.
During the execution, due to the disturbance and uncertainty
in the robot motion, additional conflicts may occur when
robots execute their paths. We thus implement a management
system to monitor the position of all robots and coordinate
their motion, by taking advantage of TPG in a similar way as
described in TPG-D. Specifically, a TPG is first created based
on the planned paths by CBSS-D. When executing the path,
nodes in TPG that has not precedence requirements (i.e.,
satisfying the conditions as described in TPG-D) are deleted
from the TPG and are sent to the robots for execution. By



Fig. 8.  Simulation using Gazebo and path visualization with Rviz of
Scene 3. (a) Gazebo simulation of a warehouse, multiple robots and target
tasks (marked by white disks). (b) Rviz visualization of robots, joint path
generated by CBSS-D and target tasks (marked by red disks).

doing so, the robots remain collision-free along their paths,
even if a robot has unexpected delay or the task duration used
by the planner mismatches the actual task execution time.
We demonstrate the simulation experiment in the multimedia
attachment.

VII. CONCLUSION AND FUTURE WORK

This article investigates a generalization of MCPF called
MCPF-D, where agents execute tasks at target locations with
heterogeneous duration. We developed two methods—CBSS-
TPG and CBSS-D to handle MCPF-D, analyzed their prop-
erties. verified them with simulation with up to 20 agents
and 50 targets, and discussed their pros and cons. For future
work, we can consider time window constraints on tasks.
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