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Abstract

This paper considers a Moving-Target Traveling Salesman Problem (MT-TSP), which seeks a 3D path for a drone to
capture multiple targets that move along straight lines on the ground, and the drone is equipped with a downward
pointing sensor whose field of view (FOV) depends on the altitude of the drone. A target is captured if that target is
continuously within the FOV of the drone for a required minimum duration within a required time window. This problem
generalizes several existing variants of MT-TSP and is challenging as it not only inherits the difficulty of determining
an optimal visiting order of targets as in TSP, but also suffers from time-varying traversal cost between targets due to
both the moving targets and the dynamic FOV that depends on the agent’s motion. This paper develops exact methods
using Mixed-Integer Conic Programs (MICP) to solve the problem to optimality based on both big-M constraints and
perspective techniques inspired by the recent work on Graphs of Convex Sets (GCS). We prove the validity of both our
big-M based and GCS based programs and their equivalence. Experimental results show that the GCS based MICP
outperforms the big-M based MICP in both runtime and optimality gap as the number of targets increases from 5 to 15,
especially for instances with more targets, with up to 85.2% of reduction in median runtime, and up to a 100.0% tighter
average optimality gap when reaching the runtime limit.
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1 Introduction DR-MT-TSP generalizes several existing variants of TSP:
When the agent altitude is fixed and the FOV is a single
point, DR-MT-TSP becomes the existing Moving-Target
TSP (MT-TSP) (Stieber and Fiigenschuh 2022). When
all targets are stationary, and the FOV of the agent are
circles with constant radii, one for each target, DR-MT-
TSP becomes the existing Close-Enough TSP (CE-TSP) (Di
Placido et al. 2023; Carrabs et al. 2017). TSP, MT-TSP and
CE-TSP are all NP-hard (Helvig et al. 2003; Dumitrescu and
Mitchell 2003) and so is DR-MT-TSP. Intuitively, DR-MT-
TSP is computationally difficult as it not only inherits the
fundamental challenge of determining an optimal visiting
order of targets as in TSP, but also suffers from time-varying
traversal cost between targets due to both the moving targets
and the dynamic FOV that depends on the agent’s motion.
Currently, we are not aware of any research on DR-MT-
TSP. This paper, as a first attempt, seeks to develop an
exact method to find an optimal solution for DR-MT-TSP. Of
close relevance to DR-MT-TSP, MT-TSP has been studied
a lot (Helvig et al. 2003; Chalasani and Motwani 1999;
Hammar and Nilsson 2002; Hassoun et al. 2020; Philip et al.

Given a set of stationary targets and the traversal cost
between any pair of these targets, the well-known Traveling
Salesman Problem (TSP) seeks a shortest path for an agent
from the depot to visit all the targets exactly once and
return to the depot. This paper considers a new variant
of TSP, which we refer to as Dynamic Range Moving-
Target TSP (DR-MT-TSP), where the agent with a maximum
speed limit moves in a 3D space (with altitude), equipped
with a downward pointing sensor whose detection range,
i.e., the field of view (FOV), depends on the altitude of
the agent (Fig. 1). In addition, each target moves along
a known straight line in the horizontal plane, and must
be captured within a certain time window and within a
certain altitude window of the agent. A target is regarded
as captured if the target is continuously within the FOV of
the agent for a required minimum duration. Moving-Target
TSP and its variants arise in applications such as defense
of dynamic threats like Unmanned Aerial Vehicles (UAV)
or hostile rockets (Helvig et al. 2003; Smith 2021; Stieber
and Fiigenschuh 2022), surveillance of multiple suspicious
targets like UAV-based crowd monitoring or aircraft-based
maritime patrol (de Moraes and de Freitas 2019; Wang and  'Shanghai Jiao Tong University, Shanghai, China
Wang 2023; Marlow et al. 2007), resupply of moving targets .
like a supply ship resupplying patrolling boats (Helvig et al. Corresponding author: .

. . X X Zhonggiang Ren, Global College and Department of Automation,
2003), and planning of industrial robots like a robot arm  ghanghai Jiao Tong University, No.800 Dong Chuan Road, Minhang
collecting a number of moving point-objects (Chalasani and  District, 200240 Shanghai, China
Motwani 1999). Email: {zhonggiang.ren}@sjtu.edu.cn
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Figure 1. lllustration of DR-MT-TSP where a drone starts from
the depot, visits multiple moving targets along known straight
lines (in green) on the ground, and returns to the depot. The
FOV of the drone depends on the altitude. Each target needs to
be monitored for a minimum duration continuously with green
and orange dots indicating the start and end of the monitoring
of each target. The red line shows an optimal solution path for
the drone.

2025a,b; Bhat et al. 2024, 2025a,b; Philip et al. 2024). In MT-
TSP, the speed of the targets are generally assumed to be no
greater than the agent’s maximum speed (Helvig et al. 2003).
Currently, the literature presents exact and approximation
algorithms for some very restricted cases of the MT-TSP
variants where the targets move in the same direction with
the same speed (Chalasani and Motwani 1999; Hammar
and Nilsson 2002), move along the same line (Helvig et al.
2003; Hassoun et al. 2020), or move along lines through the
depot, towards or away from it (Helvig et al. 2003). Several
heuristic based approaches have also been introduced in the
literature (de Moraes and de Freitas 2019; Wang and Wang
2023; Marlow et al. 2007; Englot et al. 2013; Bourjolly et al.
2006; Choubey 2013; Groba et al. 2015; Jiang et al. 2005;
Ucar and Isleyen 2019) that find feasible solutions, but give
no information on how far they are from the optimum.

This paper is an extended version of our prior conference
paper for MT-TSP (Philip et al. 2024), where we developed
an efficient Mixed-Integer Second Order Conic Program
(SOCP) leveraging the perspective technique used in the
recent work on Graphs of Convex Sets (GCS) (Marcucci
et al. 2024), based on the observation that each target’s
trajectory is a convex set in the space-time, and after
combined with the dynamic FOV of the agent, the resulting
set of possible positions for the agent to monitor the target is
still a convex set. Our GCS based SOCP turns out to converge
faster and be able to solve problems with more targets than
a former big-M based formulation in the literature (Stieber
and Fiigenschuh 2022). Different from our prior conference
paper (Philip et al. 2024), this paper

* develops both big-M and GCS based formulations for
DR-MT-TSP.
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* develops both big-M and GCS based formulations
for Close-Enough Moving-Target TSP (CE-MT-TSP),
which is a special case of DR-MT-TSP with constant
FOV when capturing each target.

* conducts a comprehensive evaluation of big-M and
GCS based formulations for MT-TSP, CE-MT-TSP
and DR-MT-TSP and discuss their pros and cons for
different problem variants.

* runs real robot tests for DR-MT-TSP with drones.

Our experimental results show that, the GCS based
formulation outperforms the big-M based formulation in
both runtime and optimality gap as the number of targets
increases, with up to 85.2%, 74.4%, and 83.5% reduction
in the median runtime for DR-MT-TSP, CE-MT-TSP,
and MT-TSP, respectively. We also show that the GCS
based formulation has a tighter optimality gap on average,
especially for those hard instances with up to 15 targets
where the average optimality gap of GCS based is up to
100.0% smaller than the big-M based formulation for all the
three problems.

2 Related Work
2.1 Other Related Variants of TSP

Besides MT-TSP, there are many existing studies on
variants of the TSP. Among them, CE-TSP is also closely
related to this work, where a node is considered visited
once the agent passes through a neighborhood set of that
node (Carrabs et al. 2017). Various approaches have been
developed to solve CE-TSP. Exact methods include branch-
and-bound algorithms that incorporate improved search and
pruning strategies (Zhang et al. 2023) and second-order
cone programming (Gutow and Choset 2025). Heuristic
approaches have also been proposed, such as evolutionary
and geometry-based heuristics for constructing high-quality
tours (Cariou et al. 2023). Genetic algorithm (GA) has
been used to address generalized versions of CE-TSP,
where each node is associated with a set of disks of
different radii (Di Placido et al. 2023). Another variant
of CE-TSP that considers CE-TSP in environments with
obstacles has been studied, where improved Mixed Integer
Non-Linear Programming (MINLP)-based heuristics are
designed to ensure feasibility while navigating around
obstacles (Deckerova et al. 2023).

Besides CE-TSP, the time-dependent TSP and the TSP
with time windows incorporate time-varying travel costs and
temporal feasibility constraints, and their approximability
properties have been systematically characterized under
a unified definition framework (Saller et al. 2025).
The Variable-Speed TSP (VS-TSP) considers curvature-
constrained vehicles whose speed can vary along the tour,
and trajectory-optimization techniques are used to minimize
the total travel time (Kucerova et al. 2021). The TSP-related
Coverage Path Planning (CPP) integrates region coverage
with tour planning. A grid-based approach and a dynamic
programming based approach are introduced to find the
optimal solution (Xie et al. 2019), while a Reinforcement
Learning (RL) based algorithm is proposed by applying the
cellular decomposition methods and recursively solving each
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decomposed cell formulated as TSP to generate the coverage
path (Kyaw et al. 2020).

MT-TSP variants also arise in patrolling-related problems.
To name a few, hybrid GA and simulated annealing heuristic
methods were developed to consider dynamically moving
targets with distinct threat values, and seeks to minimize the
cumulative threat (Wang and Wang 2023). Another example
of TSP for patrolling is a traffic patrolling routing problem
with drones (TPRP-D) that considers heterogeneous tasks
which are points and edges patrolled by a coordinated truck-
and-drone team within a road network, and a two-stage
heuristic has been proposed to minimize the total completion
time (Luo et al. 2019).

2.2 Dynamic Field Of Views

Dynamic sensor FOV was considered in other planning
problems. View-planning and active-vision surveys show
that sensor pose and FOV choices can be optimized for
reconstruction, inspection, and recognition tasks (Zeng
et al. 2020). Information-driven planners further embed
the sensor’s measurement volume into the objective,
demonstrating that adjusting the FOV via orientation,
zoom, or altitude can improve information gathering (Zhu
et al. 2021). Other studies formalize more general sensing
geometries, such as rectangular or feature-constrained frusta,
enabling their direct use in viewpoint selection (Magana et al.
2023). In UAV inspection and reconstruction, the benefits of
integrating FOV geometry into trajectory design are shown
by geometric-primitive-guided and view-aware path planners
(Zhou et al. 2023). Finally, zoom-aided coverage and pan-
tilt-zoom (PTZ) camera planning illustrate that dynamic
FOV control can be scheduled alongside motion to satisfy
coverage or quality requirements (Rios et al. 2025).

Besides planning, dynamic FOV has also been studied in
several other fields. To name a few, in virtual reality (VR)
and head-mounted display (HMD) research, dynamically
restricting the user’s FOV has been shown to mitigate
cybersickness while maintaining presence, motivating
software-level FOV modulation techniques (Fernandes and
Feiner 2016). Beyond comfort, VR research has also studied
how FOV size and the motion of targets influence search
performance, particularly for targets that lie outside the
user’s view (Grinyer and Teather 2022). In surveillance
and camera-network literature, PTZ systems treat the FOV
as a time-varying system variable, leading to calibration
and scheduling algorithms that explicitly model how pan,
tilt, and zoom affect the camera frustum and its ground
footprint (Song et al. 2021). In visual-inertial odometry and
simultaneous localization and mapping (SLAM), wide and
variable FOV sensors such as fisheye or omnidirectional
cameras require dedicated projection and odometry models
to handle changing image overlap and coverage (Xie et al.
2024).

3 Problem Description

Consider a bounded 3D Euclidean workspace
W =[-L,/2,L,/2] x [-L,/2,L,/2] x [0,L,] C R3,

where each point has coordinates (z,y,z) € R3. Let
Vier = {1,2,-++ , Niar} denote a set of N, moving
targets in the 2D Euclidean plane on the ground with z = 0.
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Figure 2. lllustration of the dynamic sensor detection range.

Each target u € Vi, is associated with a time window
[t,,t.] within which the robot must catch the target. Each
target u € Vi, is also associated with a height window
[24>Zu], Within which the robot is allowed to catch the
target. Each target moves along a straight line with known
speed. The coordinates of a target u € V;,, at time points ¢,,
are (z,, Y 0). The velocity of a target u € Vi, is denoted
as (&x,ur Eyu, 0) € RP.

The robot dynamics is first-order integrator in 3D with
speed limit Umax. Let 7y = (ry, 7y, 72+) denote the
position of the robot at time point ¢. The robot is equipped
with a downward facing sensor with a dynamic FOV related
to the robot dynamics. At any time ¢, the FOV is a circle
S(t) CR? on the ground centered at (ry ¢, 7y, 0) with
radius k,r,, where k, is a known positive real number
that characterizes the view angle of the sensor (Fig. 2). Let
a non-negative real number 7,, > 0 denote the minimum
monitoring duration for each target. The robot catches a
target u € Vi, if there exists a time period no smaller than
Tm such that the target is always within the robot’s FOV
during that time period.

Let 0 = (04,04,0,) € R? denote the depot from which
the robot starts its motion. Let o' = o denote a copy of o with
the same coordinate to which the robot must end its motion
after catching all moving targets. Let V = Vi, U {0,0'}.
The time window of o is t, = t, = 0 since the robot starts
from the depot at time point ¢ = 0. The time window of o’
is [0, T'] with T being the time horizon, so that the robot can
return to o’ at any time within [0, T']. The velocities of o, o’
are all zero since they are static points. The height windows
of 0, 0’ are both z, = Z, = o, since the robot must start from
and return to the exact position of the depot. A feasible tour
of the robot starts from o, catches all targets in V., within
their corresponding time windows, and return to o’.

Problem 1. The goal of the Dynamic Range Moving Target
Traveling Salesman Problem (DR-MT-TSP) is to find a
feasible tour that minimizes the robot’s total travel distance
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among targets, excluding the distance traveled while the
robot is monitoring the targets.

Problem 2. When (i) the robot is limited to a 2D plane
wihtout considering its z coordinate (i.e., the depot 0, = 0
and the robot r,, =0 at all time t € [0,T)), and (ii) the
sensor FOV is a known and fixed circle with radius r. > 0 for
each target, DR-MT-TSP becomes the Close-Enough Moving
Target Traveling Salesman Problem (CE-MT-TSP).

Problem 3. When (i) the robot is limited to a 2D plane
wihtout considering its z coordinate, (ii) there is no
requirement on monitoring (i.e., the robot catches each target
at a specific time instant), and (iii) the sensor range is always
a point (k, = 0), DR-MT-TSP becomes the regular Moving
Target Traveling Salesman Problem (MT-TSP).

4 Preliminaries

This section presents the existing mixed-integer conic
programming (MICP) formulation for the MT-TSP using
big-M constraints (Stieber and Fiigenschuh 2022). Let G =
(V, E) denote a directed graph that is constructed as follows.
The vertex set V' is same as the aforementioned V' = V. U
{0, 0’} and we therefore use the same notation. For the edges
E,

* there is an edge from node o to all nodes in V.,

* there is an edge from each node in Vi, to every other
node in V.,

* and finally, there is an edge from every node in V;,, to
node o'.

For any node u € Vg, let EX* and ES*! denote the sets of
all edges entering and exiting u, respectively.

Next, we describe the decision variables in this big-M
based MICP formulation. For each node u € V, let t,,, a real
number, represent the time point at which the robot visits
u. For each edge e = (u,v) € E, let b, € {0,1} denote a
binary variable that indicates whether or not edge e is chosen
in the solution. Let [(e) > 0 denote the Euclidean distance
between node u and node v for each e = (u,v) € E, which
will be used to define the second-order cone constraints. Let
auxiliary variable [(e) > 0 for each e = (u,v) € E represent
bel(e), i.e. l(e) equals to I(e) if edge e is selected otherwise
Zero.

Let R = /L2 + L2 denote the length of the diagonal
of the square area containing the depot and all the target
trajectories. The fact that the Euclidean length of any line
segment within the square area cannot exceed R will be
used in formulating one of the big-M constraints in the
formulation. Now, the MICP formulation for the MT-TSP is
as follows:

min

> (e (1

e=(u,v)EE

subject to constraints

Z be =1, )

ecEgut
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> be=1, 3)

cEE'}
> be=1, Vu€ Vi, €
ecEin
Y obe= Y be, Vu€ Vi, (5)
e€Ein e€Egut
t, <ty <ty, Yuev, (6)
Teu = Ly, + gz,u(tu - tu)v Yu € ‘/a (7)
Yeu = gu + gy,u (tu - lu), Yu € V, 8)
(xc,v - xc,u)2 + (yc,v - yc,u)2 S 1(6)27 V@ = (U,’U) € Ev
)
I(e) =1(e) + R(1 —b.), Ve=(u,v) € E, (10)
l~(e) < Umax(ty — tu + T(1 = b)), Ve = (u,v) € E.
(11)

The objective (1) is to minimize the total tour length of
the robot. The condition that the robot departs from the
depot once, and arrives at the depot’s copy once, is described
by (2) and (3) respectively. The constraints (4) ensure that
each target is visited exactly once by the robot, and the
flow conservation for all the target nodes are ensured by
(5). Constraints (2) to (5) ensure a valid path for the robot
that starts at the depot, visits each target exactly once, and
returns to the depot. Constraints (2) to (5) will re-appear in
all formulations in this article. Constraint (6) requires the
robot to visit each node within its time-window. The position
where each target is caught by the robot is described by
(7) and (8). Here, the subscripts ¢, u in ¢y, Y, means the
x,y coordinates when the robot catches target . Constraint
(9) describes the second-order cone constraints, and the
big-M constraints (10) ensure that I(e) is equal to [(e) if
be =1, and I(e) is free to take any value if b, = 0. The
other big-M constraints (11) ensure that the speed limit will
only take effect for an edge e if b, = 1. Based on this
big-M formulation for MT-TSP, we will then present our
formulations for DR-MT-TSP and CE-MT-TSP.

5 Methods: Big-M Based Formulations

5.1 Big-M Based Formulation for DR-MT-TSP

This section presents our big-M formulation for the DR-MT-
TSP (Fig. 3).

5.1.1 Decision Variables and Auxiliary Variables Recall
that DR-MT-TSP requires that each target u € Vi, is
monitored for a minimum duration 7,,,. For each u € Vi,
let the real variables ¢° and ¢/ represent the time at which
the robot starts to monitor u (i.e., “enters” u) and finishes
monitoring u (i.e., “leaves” u), respectively. In addition, let
t! denote the time when the robot leaves the depot and starts
its path, and let ¢}, denote the time when the robot enters the
depot after visiting all targets. Similarly, let (x7 ,,, 2, 22.,,)
and (’Igﬂ,w yg,uv
enters u at time ¢5 and leaves u at time tf, respectively.
Besides, let (z],,y!,,2{,) and (2,45, 25 ,) denote
the positions where the robot leaves the depot to starts
its path and enters the depot after visiting all the targets,

respectively. We also introduce variables 65, or, 0¥, and

z[ ) denote the positions where the robot
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Figure 3. lllustration of the variable definitions of big-M based
based formulations for DR-MT-TSP.

07 to denote the time and position difference between the
robot enters and leaves wu, which are subject to the following
constraints:

th—t5 =68, Yu € Vigr, (12)
ol —wl, < 0, Vu€E Vi, (13)
al —al, > =68, Vu€ Viar, (14)
Yl = You < 04 Vu € Viar, (15)
Yl —Yin > =04, Vu € Vigr, (16)
=20, < 8% Vu€ Viar, (17)
2l =28, > =02, Yu€ Vi, (18)

In addition, let variable Al, > 0 represent the Euclidean
distance that the robot travels when monitoring the target wu,
which satisfies:

(05?2 + (092 + (02)2 < A2, Yu € Vigr,  (19)
Alu S 'Umaxéza vu e ‘/ta’!‘a (20)
8 > T, Yu € Vigr. Q1)

Here, the monitoring distance is described by second-order
cone constraints (19), and the speed limit is enforced
by constraints (20). The minimum monitoring duration
requirement for each target is ensured by constraints (21).

Recall that in DR-MT-TSP, the robot has the dynamic
sensor FOV. Let (dj ,,d; ) and (df,,df ) denote the
dynamic sensor range in x and y directions when the robot
enters and leaves u € V;,,, respectively. For consistency,
we also define (df ,,df ,) for o and (d5 . d ) for o
which all equal to zero since there is no dynamic FOV at
the depot. Finally, let a non-negative integer u; denote the
ordering index when each target i € V,,, is visited, which is
used to construct the Miller-Tucker-Zemlin (MTZ) subtour
elimination constraints when 7,,, = 0. We explain the reason
for using these subtour elimination constraints in DR-MT-
TSP in the following section. The rest of the variables are
the same as MT-TSP.
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5.1.2 Big-M Based MICP Formulation Our big-M based
MICP formulation for the DR-MT-TSP is as follows:

(22)
e=(u,v)EFE

subject to constraints (2), (3), (4), (5), (12), (13), (14), (15),
(16), (17), (18), (19), (20), 21),

t, St] <y, Yu € Vigr U{o}, (23)
tu < L‘Z < Eu; Yu € Vigr U {O/}a (24)
mg,u = lu + gmyu(ti - Eu) + ngr:c,uv V’LL € ‘/t(lT U {0}7
(25)
xiu = gu + gLU(tZ - Eu) + d;,u’ vu € ‘/tar U {0/}7
(26)
ylw=y, +&ultl —t,)+df . Yue Vi U{o},
27)
yg,u = yu + 5y,u(ti - tu) + d;,uv Vu € ‘/tar U {Ol}v
(28)
2, < 20, < Zu, Yu € Vigr U {0}, (29)
2y €250 < Zuy YU E Vi U{0'}, (30)
df ,=d} ,=0, 31)
i,()/ d;ﬁ’ - 0, (32)
(dl)?+ (df )2 < (ke2l,)? Yu € Vi, (33)
(d5.)? 4 (&) < (kpz8,)?, Yu € Viar, (34)

(‘Tz,v - zg,u)z + (yi,v - yg,u)Q + (Zg,v - Zg,u)z < 1(6)2’
Ve = (u,v) € E, (35)
I(e) =1(e) + Re(1 —b,), Ye= (u,v) € E, (36)

1(€) < Vmax (t; — L + T(1 = b)), Ve = (u,v) € E,
37

u; — u; + Niarbe < Nigr — 1,

Ve = (Zhj) €E, i,j € Viar, (applled only if 7, = O)

(38)

(applied only if 7,,, = 0).
(39)

This formulation shares constraints (2) to (5) from the MT-
TSP MICP formulation and (12) to (21) mentioned before.
The condition requiring the robot to leave and enter each
node within its time window is now given by (23) and (24).
Constraints (7) and (8) from the MT-TSP big-M based
formulation are modified to constraints (25) to (28), where
the x, y positions of the robot entering and leaving each
node are defined, and the dynamic sensor ranges are added.
Constraints (29) and (30) ensure that each target is visited
within its height window. Constraints (31) and (32) restrict
the dynamic sensor range variables dg;o, di,o, djw,, and d;o,
for o0 and o’ to zero. Recall that we define the velocities &, ,,
&y,00 a0 and &y o as zeros, and the height window of o
and o' as z, = Z, = 2, = Z,, = 0,. These definitions along
with constraints (25) to (32) ensure that (z{,, 4/, 2/ ,) and
(T8 01 Y o5 20 o) are equal to the exact position of the depot.
Constraints (33) and (34) describe the second-order cone
constraints, ensuring the target is within the sensor detection
range of the robot.

1 S Usq S Nta'm Vi € Vvtarw
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Constraint (9) from the MT-TSP big-M based MICP
formulation is modified to (35), describing the distance
traveled by the robot between it leaves the last target and
enters the next target. The big-M constraint (36) makes
l(e) equal to l(e) if bo =1, and the parameter R, =
\/L2 + L2 + L% denotes the length of the diagonal of the

cuboid workspace, which ensures that I(e) is free to take
any value if b, = 0. The other big-M constraint (37) ensures
that the speed limit will only be placed if b, = 1. The MTZ
subtour elimination constraints (38) and (39), which are only
applied if 7,, = 0, enforce u; greater than u; by one if
b. = 1, ensuring node v is visited after node u and thereby
preventing subtours.

5.1.3 Dynamic FOV Constraints The dynamic FOV
constraints (33) and (34) are enforced only at the entering
and leaving instants of the monitoring interval, which is
sufficient to guarantee that the target remains within the
robot’s sensing cone during the entire interval [t5,f]. This
result follows from the fact that all targets move along
straight lines and the convexity of the FOV of the robot.

Lemma 1. If the dynamic FOV constraints (33) and (34)
are satisfied at time points t2., t{ respectively, then the target
must remains within the robot FOV during the entire time
interval [tS ).

uru
Proof. Let  pg, = (22, Y2u:20u) pl., =
(2! yl.,2L,)" denote the robot positions when the
robot starts and ends monitoring target u, respectively. The
target position p ,,(t) moves along a straight line:

and

pru(t) =p, +&.(t —1,),

where p = (z,,y,,0)" and &, = (&x,u;Eyu,0) " are the
initial position and velocity of the target u. For any 6 € [0, 1]
and the corresponding time ¢ = t5 + 6(t/ — t3), the robot
and target positions are

Peu(t) = Ly + 0L, — Pl
Prau(t) = (1= 0) Pru(ts) + 0 pru(t).
Correspondingly, the relative vector d,(t) = ps.(t) —
Pe.(t) and robot height z. ,,(t) can be expressed as follows:
du(t) = (1 - ), + 6,
Zew(t) = (1 - G)Zg,u + eziu?

where dj, = py.u(t5) — pi, and df, = py..(t]) — p!

c,u”

The sensing cone of the robot is defined by the convex set
C={(de,dy,2) | di +d; < (kr2)?, 2z > 0}.

If both boundary points satisfy (dj,2:,)€C and

(df,z{,) €C, then for any 6 € [0,1], using the triangle
inequality and the boundary conditions,
Idu(®)ll2 = [|(1 - 0)ds, + 6d] |,
< (L=0)d; ]z +dlldl2
< (1= 0)kr2s, + 0k 2l = kpzeu(t).  (40)
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Figure 4. A toy example of DR-MT-TSP that leads to subtour
(and hence invalid solution) when there is no MTZ subtour
elimination constraints. The robot may catch more than one
target at the same time point due to its sensor FOV. E.g., the
robot catches targets 5 and 6 in Subtour 2.

Therefore, (d,(t),2..(t)) €C for all €€ [0,1], ie.,
(ds(1))? + (dy(1))? < (Kpzew(t))? for all t € [t5, t]]. Con-
sequently, checking the dynamic FOV constraints only at the
two boundary instants is sufficient to ensure that the target
is within the sensor FOV at any intermediate time point
inbetween.

5.1.4 Subtour Elimination Constraints The subtour elim-
ination constraints (38) and (39) is often unnecessary in
MT-TSP. In MT-TSP, each edge e = (u,v) connects two
locations where the robot catches targets v and v. Only when
u, v coincide (i.e., these two locations exactly coincide at
the same position at the same time point), then [(e) = 0.
Otherwise, in general, I (e) > 0. Combined with constraint
(11), t, is strictly larger than ¢,, for any pair of targets. As
a result, the time point ¢,, when the robot catches any target
v must be different from ¢, for any other target u, which
inherently eliminates subtours in the solution.

However, in DR-MT-TSP when 7,, = 0, the subtour
elimination constraints are necessary, since the robot has a
FOV and it is possible that two targets u, v are caught at the
same time point (Fig. 4). For an edge e = (u, v), it is possible
that the robot positions (7, v/, 2L ,) and (x5, 95, 25,)
simultaneously satisfy the constraints for two distinct targets
u and v (Constraints (25)-(30), (33) and (34)), as long as u
and v are within the FOV of the robot, which then leads to
I(e) =0and t] = t5.

Additionally, when the minimum monitoring duration
Tm = 0, Constraints (12) and (21) only place restrictions on
t5 and tf as tf —t5 > 0, which allows 5 = tf. Then, for

each edge e = (u, v), the constraints do not forbid the case

=t =t5 =t
which leads to I(u,v) =0 and I(v,u) = 0, making both
directed edges (u,v) and (v,u) feasible at zero cost. As

a result, the solution may contain one or more subtours
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{(u,v), (v,u)}, if targets u and v are both within the robot
sensor range at some time point.

Fig.4 visualizes such a situation: the red cones represent
the robot positions where the robot catches two targets
simultaneously, forming subtours which are actually
infeasible solutions, since the robot cannot “teleport”
across subtours. Therefore, we need to add MTZ subtour
elimination constraints (38) and (39) to prevent subtours for
DR-MT-TSP when 7,,, = 0.

In contrast, when 7, > 0, constraints (12) and (21)
enforce tf — 15 > T, LE. tf > t». For an inter-target edge
e = (u, v) the non-negativity of l( ) enforces 5 > tf by
constraints (37). Therefore, the time t;f when the robot leaves
v must satisfy ¢/ > 5 > tf > ¢5 which implies that for any
pair (u,v), the reversed edge (v u) (which requires t5 >
tl) is prevented. In other words, (v u) becomes infeasible
whenever [ (u v) is valid. The requirement for a positive
minimum monitoring duration naturally achieve subtour
elimination and thereby the MTZ subtour elimination
constraints are unnecessary when 7,,, > 0.

We summarize the above analysis with the following
theorem.

Lemma 2. When 7,,, =0, the subtour elimination con-
staints are necessary for DR-MT-TSP. When T, > 0, the
subtour elimination constaints are no more needed for DR-
MT-TSP.

5.2 Big-M Based Formulation for CE-MT-TSP

This section presents the big-M based MICP formulation
for the CE-MT-TSP. CE-MT-TSP can be seemed as a 2D
more restriced version of the DR-MT-TSP, so most of the
constraints in MICP formulation for DR-MT-TSP can be
reused and some of the constraints need to be slightly
modified. The formulation is presented below:

(4D
e=(u,v)EE

subject to constraints (2), (3), (4), (5), (12), (13), (14), (15),
(16), (20), (21), (23), (24), (25), (26), (27), (28), (31), (32),
(36), 37), (38), (39),

(62)2 + (0Y)2 < A2, YueV, (42)
(df.)? + (d] )2 < (o), Vu € Viar, (43)
(d5,0)° + ( W) < (1), Vu € Vi, (44)
(x5, —2l)° + (W, —vl.)? <le)?,

Ve = (u, v) EE (45)

Compared with the big-M based MICP formulation for
DR-MT-TSP, the major differences are the modifications
from constraints (33) and (34) to (43) and (44), where
the target is restricted within the fixed circle with radius
r. instead of the sensor FOV. Besides, constraints (19)
and (35) are modified to (42) and (45), respectively,
where the terms of z direction are deleted. In addition,
constraints (17), (18), (29), and (30) related to z direction
and height windows are removed. The rest of the formulation
shares the same constraints as those in the DR-MT-TSP big-
M based MICP formulation.
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6 Methods: GCS Based Formulations

This section first restates the big-M based MICP for the DR-
MT-TSP as a biconvex binary program, and then presents
the GCS based formulation. This biconvex binary program is
just an “intermediate helper formulation™ that helps explain
the GCS based formulation.

6.1

For simplicity, we refer to this program as the biconvex
formulation. For each e = (u,v) € E, we reuse the variables
tf t xzu’ xz,v’ y(}:c,'un yz,v’ Zg,u’ c v d£ uw’ d; v dﬁu’ d'z v
and [(e), as well as the binary variable b, as defined in the
big-M based MICP formulation. The auxiliary variables &%,
0%, 0¥, 6% in the big-M based MICP formulation are also
reused to denote the time and position difference between the
robot enters and leaves each v € V,,,.. The biconvex program
formulation for the DR-MT-TSP is as follows:

Biconvex Binary Program for DR-MT-TSP

(46)
e=(u,v)EE

subject to constraints (2), (3), (4), (5), (12), (13), (14), (15),
(16), (17), (18), (19), (20), (21), (23), (24), (25), (26), (27),
(28), (29), (30), (31), (32), (33), (34), (38), (39),

(bexg,v - bexz,u)2 + (beyg,v - beycf,u)2
+(bezly = bezl,)? <U(e)?, Ve=(u,0) € E, 47)
I(€) < vmax(bets — betl), Ve = (u,v) € E. (48)

This formulation shares flow constraints (2) to (5),
constraints (12) to (21), constraints (23) to (34) from the
big-M based formulations. The key modification of the
biconvex formulation is the modification of the second-order
cone constraints (35) in the MICP formulation for inter-
target traveling distance of each edge to (47), by multiplying
b. with xcfu Ty s yf’u, o zf’u, and z;,. Besides,
constraints (48) are modified from (37) by multiplying b,
with ¢/ and t5. The purpose for doing so is to remove
the big-M constraints (36) and (37). Specifically, if b, =
1, the second-order cone constraint (47) becomes effective
and constraint (48) will place the speed limit on I(e). If
be = 0, constraint (48) sets l~(6) to zero and the second-
order cone constraint (47) also holds for both sides equal to
zero. The subtour elimination constraints are the same to the
constraints (38) and (39) in the big-M based formulation.

Apart from the binary variables b., the non- convexity of
this program comes from the b111near terms, i.e. btf, bet?,
b xc us DeTe s beyc’u, beys b zcﬁu, and bezg . In the next
section, we introduce our GCS based formulation for the
DR-MT-TSP, which bypasses these biconvex terms by using
perspective and leads to a new MICP formulation.

6.2 GCS based Formulation for DR-MT-TSP

This section first introduces the notion of perspective and
then presents the entire formulation.

6.2.1 Perspective Sets Let A,,u € V denote the line
segment (which vanishes to a point for o and o’) between
the two end points (t,,Z,,y, ); (fu:Tu,¥,) of any u € V,
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Figure 5. (a) lllustration of A, i.e. the augmented set of Ay;
(b) llustration of robot positions in A.,. As long as the robot is
within A.,, the target is within its FOV.

where
- Lu) )

Let A, = {(t,z,y,2) | Adg,dy) s.t. (t,x —dy,y—dy) €
Ay, 2 € [2,,Zu], di + d < (kr2)?} denote the augmented
set of A,, which adds the z-dimension to A, while z is
restricted to be within the height window of u, and = and
y are allowed in a feasible range that satisfies the dynamic
sensor range constraints. Fig. 5 (a) illustrates such an A,, for
a target u moving along a straight line. Fig. 5 (b) shows that
as long as the robot is in A, its FOV will cover at least a
portion of the line segment representing the target trajectory,
i.e., the target is in its FOV at a certain time instant. This
augmented set provides an alternative way to represent the
constraints related to the dynamic FOV of the robot. In other
words, constraints (23) to (34) are equivalent to the following
set of constraints:

Ty =2, + gx,u(fu Yy = yu + fy,u(fu - Lu)

@t ol vl 2l,) €Au, VYe=(uv)€E, (49
(ts z’l)’y(’ v C U) 6 A'U? v@ = (u’/U) 6 E (50)

Note that this augmented set is convex (Boyd and
Vandenberghe 2004) and to make the article self-contained,
we briefly show the proof here.

Lemma 3. The augmented set A, = {(t,z,y,z ) |
I(dy,dy) s.t. (t,x —dy,y —dy) € Au, 2 € [2y, 2], d2+
d2 < (kyz)?} is convex.

Proof. Let two arbitrary points

belong to A,. By definition, there exist vectors dt =

(dZ, dfli) d? = (d%,d2) and corresponding points a' =
(', zl yl), a® = (#2,22,42) € A, such that
1,1 - di = 1’;, yl - d; = y;a Zl € [ﬁuazu]v
1’2—di:[£§, y2_dg2;:yga 2 € [guazu]v
'] < kezts () < kez®.

For any 6 € [0, 1], define convex combinations

p’=0p' + (1= 0)p?, o =6a' +(1-0)a?

=021+ (1-0)2% d =60d +(1-60)d>

Recall that A,, represents a line segment corresponding to
the position of target w in its feasible time window, so A, is
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L,

Figure 6. lllustration of A, ie., the perspective of A,. When
A =0, the set A,, contains only a single zero point.

convex and a’ € 4,. So we have:
(teﬂ‘re - dfc?ye - dg) = e(tl x}wy;)
=a’ € A,.

z2,y2)

+ (1 —0)(?

Next, the interval [z,,, Z,] is also convex, so 2? € [z,,,Z.].
Finally, we verify the convexity of the displacement
variable:

1] = [|6d" + (1 — 6)d®|| < O]|d"|| + (1
< Ok 2t + (1 — 0)kp2? = k.27,

0)lla”|

where the first inequality follows from the triangle
inequality and the last equality from linearity of the convex
combination.

Therefore, p’ = (17,29, 4%, 2%) satisfies all defining
conditions of A,, i.e. p’ € A, for any 6 € [0, 1], and the set
A, is convex.

6.2.2 Auxiliary Variables Now we can define some new
auxiliary variables for the bilinear terms as follows:

Qe = (at ey g ey Ay ey Az e)
= (bet], bex] ., beyl o be2l,), Ve = (u,v) € E,
(51)
O/e = (at e’a:/r e7a;,e’a/z,e)
= (bety, bew? ), beys 45 bezi ), Ve = (u,v) € E,
(52)
(ﬁx e;ﬁy e)
( acu’b d ,u)a VeZ(U,U)EE, (53)
(ﬂw e76y e)
= (beds ., bedy, ), Ve = (u,v) € E. (54)

Although we can substitute all the biconvex terms in the
biconvex formulation by these variables, the non-convexity
still exists when we define these variables by non-convex
constraints (51) to (54). In the GCS based formulation,
we will introduce perspective, which bypasses these non-
convexity.

Let flu denote the perspective of A,,, which is flu =
{(\tz,y,2) | A >0, (t,2,y,2) € AA,} (Fig. 6). The non-
convex constraints (51) to (54) can be replaced by the
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following perspective set constraints:

(b67 At ey Qg ey Oy ey az,e) S Atu Ve = (u, 'U) € E, (55)
(ber ) oy Oy o Oy 010 o) € Ay, Ve = (u,v) € E. (56)

Lemmad. A, is a convex set.

Proof. Take any two points (A, w1), (A2, ws) € A,, where
A1, Ao > 0and wy, wo €. R4. By definition of the perspective
set, there exist g1, g2 € A, such that

w1 = A1q1, w2 = 2.

Let vy € [0,1] and consider the convex combination

(A w) =v(Ar,w1) + (1 =) (A2, w2)
= (’y)\l + (]‘ - 7)>\27 "/)\1611 + (1 - ’Y))\QQQ)

Then

w =yA1q1 + (1 —7)A2qa.
Define 7 as
An = yAr,
so that € [0,1], and

AL =n)=A=An=(yA1+ (1 —7)A2)
= (1 - 7))\2-

— YA

So we have
w = g1 + A1 —1n)g

= Anq1 + (1 —1)ga).

Since A, is convex (Lemma 3), ng+(1—n)g € A,
hence w € A4, and thus (\, w) € A,.

Therefore every convex combination of two points in A,
remains in flu, proving that flu is convex.

Lemma 5. A, is a convex cone.

Proof. By Lemma 3 we have A, is convex. In Lemma 4 we
already established that A, is convex; here we strengthen
that result by showing A, is a cone (and hence a convex
cone).

Recall the perspective set definition

Ay ={(\w) €Rso x R* | w e NA,}.

Take any (A, w) ) € A, and any scalar ¢ > 0. By definition
there exists g € A,, such that w = Ag. Then

Cuw = ((Aq) = (CA)g-

Since (A >0 and ¢ € A,, it follows from the definition
of Au that ({A, Cw) € flu. Thus flu is closed under
multiplication by nonnegative scalars, i.e. it is a cone.
Combining this cone property with the convexity already
shown in Lemma 4, we conclude that flu iS a convex cone.

With the perspective set constraints that preserve the
convexity, we can now replace all the bilinear terms
in the biconvex formulation by (afp,ozrp,ay7(,,az )

(ag,eva/z,eaay ev ) (ﬂl‘ mﬁy 6) and( x,e’ ye) WlthOUt
adding the non- convex constraints (51) to (54) for each edge
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e = (u,v) € E. Recall that (49) and (50) are a compact way
of writing constraints (23) to (34). Similarly, the perspective
set constraints (55) and (56) are also a compact way of
writing a set of constraints, including the bilinear variable
definition constraints (51) to (54) and the constraints shown
below:

tybe < ape <tybe, Ve=(u,v)€E, (57)
tybe < i, <tybe, Ve=(u,v)€E, (58)
Qe = Eo e+ be(2y, — Exuty,) + Bres

Ve = (u,v) € E, (59)
oy o = Eawi o+ ez, — Eanty) + B e

Ve = (u,v) € E, (60)
e = Eyute +be(y, — &yuty) + Bye,

Ve = (u,v) € E, (61)
e =&yt +be(y, = Sywty) + By e

Ve = (u,v) € E, (62)
Zybe < aze <Zybe, Ve=(u,v) € E, (63)
zybe <, <Zybe, Ve=(u,v) €E, (64)
Bre = Pye =0, Ve=(u,v) € E, u=o, (65)
ﬂ;e:ﬁ;ezo, Ve = (u,v) € E, v=10, (66)

2. < (krase)®, Ve=(u,v)€E,  (67)
5 ye < (kral,)?, Ve=(u,v) € E. (68)

If b =1, (57) to (68) are equivalent to (23) to (34) in
the big-M based formulation ie. (e, Qpe,Qye,ze),

(a;,eﬂ O/r,ev ay e7 ) (ﬁm 87 By C) and ( ;,e’ g/;,e) arc
equivalent to (tf c wr y(, w? ZZu) (tfﬂ xi,v’ yg,v’ ZS,U)’
(df . df ), and (d;v,dfjv) If be =0, Qte Ofgr Qzes
and a;)e become zero due to constraints (57), (58), (63),

and (64). Constraints (67) and (68), combined with o, . = 0
and o, , = 0, enforce B; ¢, B, > By, and 3, . to be zero.
All these zeros combined with constraints (59) to (62) make
g e a; o> Oty e, and o . equal to zero. These show that
constraints (57) to (68) not only contain constraints (23)
to (34) in the big-M based formulation, but also the bilinear
variable definition constraints (51) to (54). Based on these,
and together with the [(e) and binary variable b, that we
have introduced in the previous formulation, we can replace
the bilinear terms in the biconvex formulation.

6.2.3 GCS-Based MICP Formulation Based on perspec-
tive, our GCS based formulation is as follows:

(69)
e=(u,v)EFE

subject to constraints (2), (3), (4), (5), (19), (20), (21), (38),
(39), (57), (58), (59), (60), (61), (62), (63), (64), (65), (66),
(67), (63),

/ t
S oae— Y =6 Yu€ Vi, (70)
c€ Egut c€EIn
’
E Qe — g Ay e < 553 Yu € Viar, (71)
ecEgut e€Ein
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S tpe— Y b, > 0L VuE Vi, (72)
ec Eout ecEin

Sooage— Y dl. < VueVi, (T3
ecEgut ecEin

Doaye— Y . > =6 Vue Vi, (74
ec Eout ecEin

S oase— Y al, <8 Vu€Vi,  (T5)
ecEgut ecEin

Yo oase— > al, > —0, Vu€E Vi, (76)
ec Eout ecEin
(O/Le - a176)2 + (a;,e - O‘y,e)z + (O/z,e - a276)2

<lIy(e)?, Ve=(u,v)eE, (77)
Io(e) < Vmax (o — (), Ve = (u,v) € E, (78)

This formulation shares constraints (2) to (5), (19)
to (21), (38), and (39) from the previous formulations, as
well as the perspective set constraints constraints (57) to (68)
mentioned before. Constraints (70) to (76) are modified from
constraints (12) to (18) in the big-M based formulation.
Take constraint (70) as an example, which contains two
steps of modifications from constraint (12) in the big-M
based formulation. Constraint (12) is first modified by taking
the sum of the multiplication of ¢/ and ¢ with the b,
corresponding to all incoming edges and outgoing edges of
U € Vigr, respectively:

ST obet] = D bty =0l Vu€Vig. (19

ecEgut ecEin

The flow constraints (4) and (5) that only allow
one selected incoming edge and one selected outgoing
edge for each u € Vi, ensure that Zee Bout bet{i and
Y ec Bin bets in constraint (79) equal to ¢/ and t3 in
constraint (12), respectively. Then we substitute the bilinear
terms bt{ and b.t3 by oy . and @} ., respectively, which
forms constraint (70). In the same way, constraints (13)
to (18) in the MICP formulation can be modified to
constraints (71) to (76), by substituting (zZ,,,y/,,2L,)
and (zf,,9¢,,25,) by the sum of (g e,y c,azc) and
(A e a;m, d;)e), respectively. Constraints (77) and (78) are
modified from (47) and (48) in the biconvex formulation, by
replacing the bilinear terms (bt bexﬁ:H, beyéu, bez{,) and
(bety, el s beYe s b2l ) With (g e, Qg ey Qv ey @tz ) and
(0. o

ier Uy s O ), TESpECtively.

6.3 GCS Based Formulation for CE-MT-TSP

This section presents the GCS based formulation for the CE-
MT-TSP. Similar as what we have done in big-M based
formulation, most of the constraints in DR-MT-TSP GCS
based formulation can be reused and some of the constraints
need to be slightly modified. The formulation is presented
below:

(80)
e=(u,v)€EE
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subject to constraints (2), (3), (4), (5), (20), (21), (38), (39),
(42), (57), (58), (39), (60), (61), (62), (65), (66), (70), (71),
(72), (73), (74), (78),

3,3 + 52,(3 < (bere)?, Ve = (u,v) € E, (81)
2 2 2 _
B.;,e + B;,e S (beTC) ’ Ve - (uﬂ ’U) € Ea (82)
(a;,e - O‘x,e)2 + (O‘ft/,e - O‘y7e)2 < la(e)Qa
Ve = (u,v) € E. (83)

Compared with the DR-MT-TSP GCS based formulation,
the major modifications are the changes of constrains (67)
and (68) to (81) and (82), where the target is restricted within
the fixed circle with radius r. instead of the sensor FOV, and
ber. ensures the perspective set property of (8;,¢, By, ), and
(B¢ By.c)- Besides, constraints (19) and (77) are modified
to (42) and (83), respectively, where the terms of z direction
are deleted. In addition, constraints (63), (64), (75), and (76),
related to height windows and z direction are removed. The
rest of the formulation shares the same constraints as those
in the DR-MT-TSP GCS based formulation.

6.4 GCS Based Formulation for MT-TSP

As presented in our prior work (Philip et al. 2024), this
section presents the GCS based formulation for the MT-
TSP. Recall that there is no monitoring requirement and the
circular close-enough range for MT-TSP, the formulation can
be modified from the GCS based formulation for the CE-
MT-TSP, by removing the variables and constraints related
to monitoring and the close-enough range. The formulation
is presented below:

(84)
e=(u,v)EE

subject to constraints (2), (3), (4), (5), (57), (58), (78), (83),

dodi.= Y e, Yu€ Vi, (85)
ecEin ecEout
Qge = gzc,uat,e + be(iu - gzc,utu)a Ve = (u7 U) SHOR
(36)
oy o = Ea w4 be(z, — Eant,), Ve=(u,v) € E,
(87)
Ay e = é‘y,uat,e + be(yu - gy,utu)a Ve = (U, ’U) € Ev
(33)
ay o =&yt + be(y, —&yoty), Ve=(u,v) € E.
(39)

The flow conservation constraints (2), (3), (4), and (5),
share the same constraints as the previous formulations.
Since there is no monitoring period, constraint (85) is added
to ensure time continuity, i.e., the robot enters and leaves a
target at the same time instance. Constraints (57) and (58)
share the same constraints as the previous GCS based
formulations to ensure the robot visit each target within its
corresponding time window as well as the perspective set
property of the time variables oy . and 0476. Constraints
(86) to (89) are modified from constraints (59) to (62)
in the previous GCS based formulations, by removing the
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(Bz.es By.e) and (B ., B3, ) to ensure the robot visits the
exact position of each target. Constraints (78) and (83)
share the same constraints in the CE-MT-TSP GCS based
formulation, representing the inter-target traveling distance
of the robot and the speed restriction.

7 Analysis

We first show that the big-M based formulation is valid
for the problem statement. We then show that the GCS
based formulation is equivalent to the big-M formulation
and is thus also valid. Finally, we show that the GCS based
formulation is a mixed-integer conic program.

7.1 Validity of the Big-M Based Formulation

Theorem 1. The big-M based formulation for the DR-MT-
TSP is valid.

Proof. To show validity, we prove that any feasible solution
returned by the big-M based formulation indeed corresponds
to a feasible solution of the DR-MT-TSP described in
the problem statement. To verify this, we identify the
correspondence between each component of DR-MT-TSP
and the constraints in the big-M based formulation.

First, the robot leaves the depot once, and enters the
depot’s copy once after finishing its tour, which are described
by constraints (2) and (3), respectively. Recall that the
definition of the time window of o and o as (¢,,t,) =
(0,0) and (t.,t,) = (0,T), respectively. Combined with
constraints (23) and (24), we have t{f =0 and ¢}, € 0,77,
i.e., the robot starts its tour at ¢ = 0 and ends the tour within
the time horizon. The definition of the velocities of o and
o' as zeros and the height windows of o and o’ as z, = Z, =
2, =z, = o,, along with constraints (25) to (32), ensure that
(!, yl,,2L,) and (22 1, ys . 25 ) are equal to the exact
position (o, 0y,0,) of the depot, i.e., the robot starts and
ends the tour exactly at the depot.

Constraint (4) ensures that the robot enters each target
exactly once, along with the flow conservation constraint (5)
for all the target nodes, ensuring that the robot leaves each
target exactly once. Constraints (2) to (5) ensure a valid path
for the robot that starts at the depot, visits each target exactly
once, and returns to the depot. For every target u € Vi,
constraint (4) requires the robot visit every target exactly
once, and constraint (5) ensures that the robot leaves each
visited target exactly once.

Next, for each target u € Vi4,, the robots entering and
leaving u within the time window [t,,,t,] are ensured by
constraints (23) and (24). The x and y positions of the robot
entering and leaving each target, i.e., (7 ,,¥c ., 25 ,) and
(! .yl ., 2L.). are depicted by constraints (25) to (28),
while its z positions within the height window [z,,, Z,,] of the
target are ensured by constraints (29) and (30). Constraints
(33) and (34) ensure u is within the target’s FOV at the time
instance when the robot leaves and enters w, i.e., at ¢;,, and
t!, respectively. According to Lemma 1, this ensures that
the target is monitored by the robot (within the robot FOV)
during the entire time period between ¢2 and ¢/ .

During the monitoring period of each target u, con-
straints (13) to (18) define the displacement (0%, 40¥,d%) of

uur Cu
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the robot in x, y, and z direction. Second-order cone con-
straint (19) depicts the displacement during the monitoring
period, and constraint (20) ensures the velocity of the robot
is within its speed limit. Constraints (12) and (21) define the
monitoring time 5,3 and ensure it is larger than 7,,, which
accords to the minimum monitoring time requirement of DR-
MT-TSP.

So far, the robot will start from the depot, enter, monitor,
and leave each target, and return to the depot. Except for
the condition 7, = 0, subtours are inherently prevented
according to Lemma 2. Otherwise, constraints (38) and (39)
will be added to eliminate subtours and ensure all the targets
are visited.

Recall that the goal of DR-MT-TSP is to find a feasible
tour that minimizes the robot’s total inter-agent travel
distance, where the distance traveled during the monitoring
periods are excluded. For each edge e = (u,v) € E, the
Euclidean inter-target travel distance is depicted by second-
order cone constraint (35). By big-M constraints (36)
and (37), we have [(e) equal to I(e) and robot speed
within the speed limit when b, = 1, and these constraints
are relaxed when b. = 0. So the objective >, ,cx I(e)
equals the total inter-agent travel distance, hence the program
minimizes exactly the objective stated in the problem
description of DR-MT-TSP.

Conclusion. To conclude, every feasible solution of the big-
M based formulation is a feasible solution of the DR-MT-
TSP, and its objective matches the goal of DR-MT-TSP.
Therefore, the big-M based formulation is valid for DR-MT-
TSP.

7.2 Equivalency between the Big-M Based
and GCS Based Formulations

Theorem 2. The GCS based formulation is equivalent

to the big-M based formulation of the DR-MT-TSP.

Consequently, since the big-M based formulation is valid, the

GCS based formulation is also valid.

Proof. Let S =b.U (t{i, xiu, yg’u, Z&L) U
(to> e ur Yo u» %) denote a feasible solution of the

big-M based formulation. Let S’ = b, U a. U o, denote a
feasible solution of the GCS based formulation, where a, =
(Qtyes Qs Oy ey Oz ), and ap = (a0, & o, o, 0 ). To
show the equivalency, we prove that every S can be mapped
to an S’ with the same objective value, and every S’ can

recover to an S.

Construct an S’ from S:
To construct an S’ from .S, for any S, we first define for
every edge e = (u,v) € E:

(at,ea Qg ey Oy ey az,e) = (bet57 bexiua bey({uv bezg,u)v

/ / / _ s s s s
az,e) - (bet'u’ bexc,m beyc,v’ bezc,'u)'

!/
(at,e7 a‘ue? ay,e7

Using the values of (df,.df,) and (di, d,) that

correspond to solution S, we also define for every edge
e = (u,v) € E:

(ﬁm,ea ﬂy,e) = (b5d£7u7 bEd£7U)’
(ﬁlx,ev B;/g,e) = (bed;,vv bed;,v)‘



12

Journal Title XX(X)

We now show that each constraint in the GCS based
formulation is satisfied for (aye,z.c, e, @ze) and
(0 00y 000 ).

Since b, is unchanged, the shared flow constraints (2) to
(5) hold immediately.

As for subtour elimination, since b, and u; are unchanged,
(38) and (39) remain satisfied.

As for the time windows requirement, since oy . =
bet{ and @ . = bet;, the constraints in the big-M based
formulation

t"}; = [L”Eu}, tisj € [Lngv]

can imply
tube < Qte < Euba L,be < 057/5,@ < Evbw

Thus constraints (57) and (58) follow.
As for the position constraints, big-M based formulation
imposes, e.g.,
xf,u =Xy, + gz,u(tﬁ - zu) + d]xc,u

Multiplying by b, and substituting the definitions of ay ,
Olz.¢» Bz,e yields constraint (59), i.e.,

- gz,uéu) + /BZL’,E'

In the same way, constraints (60) to (62) hold. As for the
height windows requirement, since o, = beziu and o, , =
b.z: ., the constraints in the big-M based formulation

Qe = gz,uat,e + be(gu

c,v?

Zg,u € [§u7zu}7 Ziv € [gvvzv}

can imply
Zybe S ze <Zube,  zybe <, < Zybe,

Thus, constraints (63) and (64) follow.
As for the dynamic FOV constraints,
formulation enforces

big-M based

(d] )% +
(ds )2 T (ds )2
df 2l d

Cc,u° x,v°

(kraz,e)zv

(df{;,u)Q S (kTZf.u)27

S (szz,v)2'
ds

y,v?

Multiplying dw ws @y s and 27 , by b, gives

2 2
z,e + By,e <

2 2 2
ﬁflb,e—i_ﬁ;,e S (kTO/z,e> ’

which matches constraints (67) and (68). Similarly,
constraints (65) and (66) hold. Thus, the dynamic FOV
constraints in GCS based formulation hold.

As for the monitoring period of each target u € V,,,, take
the definition for monitoring time 4! as an example. As
mentioned before, the constraint in big-M based formulation

th —ts =6t

first implies the bilinear constraint

> obeth = > bty =0,

ecEgut ecEin
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where ZeeEguf bet! and ZeeE:‘f bets are equal to ¢/ and
t5, respectively. Substitute the bilinear terms b.t{ and b.t$
by a; . and a; ., respectively, which forms constraint (70) in
the GCS based formulation. In the same way, constraints (71)
to (76) hold, implied by constraints (13) to (18) in the big-M
based formulation. Since the definitions for monitoring time
and displacement variables %, 6%, 6%, and 67 are equivalent
between both formulations, the shared constraints (19)
to (21) for minimum monitoring time requirement and speed
limit hold as well.

Regarding the inter-target traveling distance and travel
speed limit constraints for each edge e = (u,v) € E, as
mentioned before, constraints (35), (36), and (37) in the
big-M based formulation, imply biconvex constraints 47
and (48), by multiplying b. with z, %, yc wr Yoo

2! Substituting the bilinear terms b, :17 w beTi s

2 us and 237
byl yr beys oo bezl . and bezl, by g e, o ozw, o .
0 e, and 0/276 yields constraints (77) and (78) in the GCS
based formulation. Thus, the objectives for both formulations
which minimize the sum of the inter-target traveling distance
of the selected edges as 3°, I(e) are equivalent, so that both
solutions have identical objective values.

Therefore, any feasible solution S of the big-M based
formulation induces a feasible solution S’ of the GCS based

formulation with the same objective values.

Recover an S from S’:

Given a feasible solution S’ from GCS based formulation,
we can recover a corresponding feasible solution S for the
big-M based formulation as follows:

(t’Lf1,7 Zu?ycuﬂzc'u, - Z ae? vue ‘/tllT‘U{O}

ecEgut
(ts zu7ycu, cu Z a Vueeru{o’}‘
eeE7’Vl

Flow constraints (2) to (5) imply exactly one outgoing
selected edge for each u € Vi, U {0} and one incoming
selected edge for each u € Vi, U{0'}, so the above
summations exactly reconstruct a solution S of the big-M
based formulation.

Conclusion. Every feasible solution .S of the big-M based
formulation corresponds to a feasible solution S’ of the
GCS based formulation with identical objective values, and
vice versa. Therefore, we conclude that: The GCS based
formulation is equivalent to the big-M based formulation,
and is hence valid.

7.3 Validation of MICP for the GCS Based
Formulation

Theorem 3. The GCS based formulation is an MICP.

Proof. To prove that the GCS based formulation is an MICP,
we show that every constraint in the GCS based formulation
belongs to one of the following classes:

* linear equality or inequality constraints,

¢ second-order cone constraints,

* perspective set constraints whose feasible sets are
convex cones.
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Since the formulation also contains binary variables b., we
can prove that it is an MICP.

The GCS based formulation contains the following linear
constraints:

e flow constraints (2) to (5),

¢ MTZ subtour elimination constraints (38) and (39),

* linear monitoring variables constraints (70) to (76),

* linear monitoring speed limit and time requirement
constraints (20) and (21),

* linear travel speed limit constraint (78).

The GCS based formulation contains the following
second-order cone constraints:

* monitoring travel distance constraint (19),
* inter-target travel distance constraint (77).

Recall that constraints (57) to (68) in the GCS based
formulation can be written in a compact way as the
perspective set constraints (55) and (56), i.e.,

R

(bea At e, Qg ey Oy ey O(z,e) € Auy, Ve = (u7 U) S E7

0/276) cA,, Ve= (u,v) € E

(beva;,eva;,evagj,m
By Lemma 5 that flu is a convex cone, constraints (55)
and (56) are conic constraints (Boyd and Vandenberghe
2004). Therefore, constraints (57) to (68) are conic
constraints.

Conclusion. The GCS based formulation consists of linear
constraints, second-order cone constraints, perspective set
constraints whose feasible sets are convex cones, and
binary decision variables b.. Therefore, we conclude that:
The GCS based formulation is an MICP.

8 Experimental Results

We first describe the test settings, instance generation and
evaluation metrics that are shared by all experiments and
then discuss the results for DR-MT-TSP, CE-MT-TSP and
MT-TSP.

8.1 Common Test Setup

8.1.1 Hardware and Test Settings All tests were run on
a laptop with an Intel(R) Core(TM) Ultra 7 155H CPU with
16 cores and 22 threads, with a maximum turbo frequency
of 4.80 GHz, and 32 GB RAM. The implementation was
in Python 3.12.6, and all formulations were solved using
Gurobi 12.0.3 optimizer. All the Gurobi parameters were set
to their default values, except for TimeLimit, which was set
to 300 seconds.

8.1.2 Instance Generation The instances used for the
tests were defined by the number of targets N, a cuboid
workspace of fixed size L, = L, = 100 units and L, =
40 units, a fixed time horizon 7" = 150 seconds, the depot
location fixed at the bottom center (0, 0, 0) of the workspace,
and a set of V4, randomly generated linear trajectories
corresponding to the time window [t,,, ,,] of the targets such
that each target had a constant speed within [0.5, 1junit/sec
and was confined within the square area of the workspace
with z = 0 during [t,,, ).
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The test instances were generated as follows. Ny, varied
among 5, 10, and 15. Under each Ny,,., we varied other
parameters, such as the time window duration and the
maximum speed VUp,q.. The time window duration were
varied to be 25, 50, and 75 secs, and v,,,,; Was varied to
be 4, 6, and 8 unit/sec. For each parameter combination,
10 instances were generated and tested. Feasibility was
ensured in all generated instances in a sense that a feasible
solution could be found within the time limit for both big-M
based and GCS based formulations, otherwise the generated
instance would be discarded and regenerated. In addition, the
best objective value of the feasible solution should be larger
than zero, otherwise the instance was considered trivial and
was also abandoned and regenerated.

8.1.3 Evaluation Metrics To evaluate the big-M based
and GCS based formulations, we consider the Runtime
and Average Gap (%): Given each parameter combination
of Ny, time-window duration, v,,qs, and 7,,, the 10
instances were run by the solver using the two formulations
respectively. The optimality gap value from the solver for
an instance is defined as |21|3;P7D| x 100%, where zp is the
primal (feasible) objective, and zp is the dual (lower-bound)
objective. Let Average Gap (%) denote the average of gap
values output by the solver for all the 10 instances.

8.2 DR-MT-TSP

Recall that in DR-MT-TSP, the robot must visit each target
within its corresponding height window [z,,,Z.], so we set
the upper bound of each target’s height window as a random
integer within [10, 35], and the lower bound of the height
window of all the targets as zero. We set the view angle
of the sensor k. = 0.5. For each Ny,,, besides varying the
time window duration and v,,,;, We varied the minimum
monitoring duration 7,,, to be 2, 5, and 8 secs. A total of 270
instances were generated for DR-MT-TSP.

8.2.1 \Varying the Time Window Duration In this section,
we consider the experiments where the time window
durations are varied. We do this by fixing v,,,4, at 8 unit/s
and 7,,, at 5 secs, and solving all the instances for the time
window durations (25, 50, and 75 secs). The results for
this experiment are illustrated in Fig. 7 (a), (b), and (c),
which corresponds to Ny,,- = 5, 10, and 15, respectively. We
observe that the problem becomes more challenging to solve
for both formulations as the time window duration increases.
This difficultly becomes more prominent as N, increases.

The main advantages of the GCS based formulation here
are that its Average Gap (%) is better than the big-M based
formulation in nearly all the tests and its Runtime is better
than the big-M based formulation against a larger Ny, and
bigger time window durations. We see this especially in the
case of 15 targets where its median Runtime and Average
Gap (%) are 65.8% and 81.8% smaller than the big-M
based formulation when time window duration is 50 secs,
respectively, and when time window duration is 75 secs,
although both formulations are unable to get the optimal
solution within the time limit, the Average Gap (%) of the
GCS based formulation is 46.7% smaller.

8.2.2 \Varying the Robot Maximum Speed In this section,
we consider the second set of experiments where the v;,,q5
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Figure 7. Results of DR-MT-TSP comparing Runtime and Average Gap (%) of the big-M based and GCS based formulation. The
Runtime increases with N, and the time window duration, while it is only weakly affected by variations in vp,q% and 7,,,. The GCS
based formulation outperforms the big-M based formulation as Vi, increases, especially for N, = 15 exemplified in (i), where its

median Runtime and Average Gap (%) are up to 85.2% and 100.

is varied. We do this by fixing the time window duration
at 50 secs and 7, at 5 secs, and varying v,,q, to 4, 6, and
8 unit/sec. The results for this experiment are illustrated in
Fig. 7 (d), (e), and (f), which corresponds to N, = 5, 10,
and 15, respectively. Similar as the results in the previous
subsection, the Runtime increases as IV;,, increases.

However, we observe that as for each Ny, the
Runtime changes only slightly as v,,,, increases for both
formulations. When N;,, is 15, the instances become more
challenging for the big-M based formulation, but the median
Runtime of the GCS based formulation is 59.4%, 61.3%, and
66.8% smaller than the big-M based formulation for v,,4, =
4, 6, and 8 unit/sec. In all these plots, we again observe
that the GCS based formulation vastly outperforms the big-
M based formulation as for Average Gap (%), especially for
Nyar = 15 where its Average Gap (%) is 82.6%, 89.3%, and
81.2% smaller than the big-M based formulation.

8.2.3 \Varying the Minimum Monitoring Duration In this
section, we consider the third set of experiments where 7,,
is varied. We do this by fixing the time window duration at
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0% smaller than the big-M based formulation, respectively.

50 secs and v, 4, at 8 unit/sec, and varying 7,, to 2, 5, and 8
secs. The results for this experiment are illustrated in Fig. 7
(g), (h), and (i), which corresponds to Nyq,— 5, 10, and 15,
respectively.

The Runtime increases more obviously for the big-M
based formulation than the GCS based formulation as
Ny, increases, and as 7, increases, the Runtime slightly
decreases for both formulations when Ny, is 10 and
15. When N;,, = 15, the median Runtime of the GCS
based outperforms the big-M based by 58.5%, 67.7%, and
85.2% for 1,,, = 2, 5, and 8 secs, respectively. In addition,
the Average Gap (%) of the GCS based formulation is
smaller than the big-M based formulation under all the nine
configurations, especially for Ny, = 15 where its Average
Gap (%) is 100.0%, 81.1%, and 100.0% smaller.

8.3 CE-MT-TSP

Recall that CE-MT-TSP is a 2D problem, so the workspace
became a square of fixed size L, = L, = 100 units and the
depot location was fixed at the center (0, 0) of the workspace.
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Figure 8. Results of CE-MT-TSP comparing Runtime and Average Gap (%) of the big-M based and GCS based formulation. The
Runtime increases with Ny, and the time window duration, while it is only weakly affected by variations in v,,4, and 7,,. The GCS
based formulation outperforms the big-M based formulation as Vi, increases, especially for N, = 15 exemplified in (i), where its
median Runtime and Average Gap (%) are up to 74.4% and 100.0% smaller than the big-M based formulation, respectively.

We set the radius of the circle as r. = 5 within which the
robot is regarded as “close-enough” and catches a target. For
each Ni,,, besides varying the time window duration and
Umaa, We varied the minimum monitoring duration 7, to be
1, 3, and 5 secs. A total of 270 instances were generated for
CE-MT-TSP.

8.3.1 \Varying the Time Window Duration In this section,
we consider the experiments where the time window
durations are varied. We do this by fixing v,,,4, at 8 unit/sec
and 7, at 3 secs, and solving all the instances for the time
window durations (25, 50, and 75 secs). The results for this
experiment are illustrated in Fig. 8 (a), (b), and (c), which
corresponds to Ny, = 5, 10, and 15 respectively.

We observe that the Runtime of both formulations
increases as the time window duration increases, and
this increase becomes more prominent as Ng,, increases.
When Ny, is 10, the median Runtime of the GCS based
formulation outperforms the big-M based formulation by
33.7% and 61.7% when the time window duration is 50 and
75. When Ny, is 15 and the time window duration is 50,
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the median Runtime and the Average Gap (%) of the GCS
based formulation outperform the big-M based formulation
by 72.3% and 86.4%, respectively. When Ny, = 15 and
the time window duration increases to 75, although both
formulations cannot get the optimal solutions within the time
limit, the Average Gap (%) of the GCS based formulation is
45.5% smaller than the big-M based formulation.

8.3.2 \Varying the Robot Maximum Speed 1In this section,
we consider the second set of experiments where the v,,,q4
is varied. We do this by fixing the time window duration
at 50 secs and 7,,, at 3 secs, and varying v,,q, to 4, 6, and
8 unit/sec. The results for this experiment are illustrated in
Fig. 8 (d), (e), and (f), which corresponds to Ny, = 5, 10,
and 15, respectively.

Similar to the results of varying the time window duration,
the Runtime increases as N4, increases. However, as for
each Ni,,, the Runtime changes very slightly as v,,qz
increases for both formulations. The GCS based formulation
outperforms the big-M based formulation regarding median
Runtime under all the v,,q; settings when Ny, is 10 and
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Figure 9. Results of MT-TSP comparing Runtime and Average Gap (%) of the big-M based and GCS based formulation. The
Runtime increases with Ny, and the time window duration, while it is only weakly affected by variations in v,,4... The GCS based
formulation outperforms the big-M based formulation as N:,, increases, especially for N, = 15 exemplified in (f), where its
median Runtime and Average Gap (%) are up to 83.5% and 100.0% smaller than the big-M based formulation, respectively.

15. Especially when Ny, is 15, the instances become much
more challenging for the big-M based formulation. Besides
smaller median Runtime, the Average Gap (%) of the GCS
based formulation is vastly smaller than the big-M based
formulation by 78.1%, 88.9%, and 86.4% when v, is 4,
6, and 8 unit/sec, respectively.

8.3.3 \Varying the Minimum Monitoring Duration In this
section, we consider the third set of experiments where 7,,
is varied. We do this by fixing the time window duration at
50 secs and v;,4, at 8 unit/sec, and varying 7,, to 1, 3, and 5
secs. The results for this experiment are illustrated in Fig. 8
(g), (h), and (i), which corresponds to Ny, =5, 10, and 15,
respectively.

The Runtime increases more obviously for the big-M
based formulation than the GCS based formulation as N;,,
increases. When Ny, is 10, the median Runtime of the GCS
based formulation outperforms the big-M based formulation
by 27.1% and 36.1% when 7,,, = 1 and 3 secs, respectively.
When Ny, is 15, the median Runtime of the GCS based
formulation outperforms the big-M based formulation under
all the three 7, settings, specifically by 7.6%, 74.4%, and
67.1% for 7,,, = 1, 3, and 5 secs, respectively. Besides, the
Average Gap (%) of the GCS based formulation obviously
outperforms the big-M based formulation when Ny, is 15,
by 71.1%, 86.9%, and 100.0% for 7,,, = 1, 3, and 5 secs,
respectively.

84 MT-TSP

Recall that MT-TSP is a 2D problem, so we set the
workspace as a square of fixed size L, = L, = 100 units.
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The depot location was fixed at the center (0, 0) of the
workspace. For each N, we varied the time window
duration and v,,,4,. Therefore, a total of 180 instances were
generated for MT-TSP.

8.4.1 Varying the Time Window Duration In this section,
we consider the experiments where the time window
durations are varied. We do this by fixing v,,,4, at 8 unit/sec,
and solving all the instances for the time window durations
(25, 50, and 75 secs). The results for this experiment are
illustrated in Fig. 9 (a), (b), and (c), which corresponds to
Nior =5, 10, and 15, respectively.

We observe that the Runtime of both formulations
increases as the time window duration increases, and this
increase becomes more prominent as N, increases. When
Niar 18 10 and the time window duration is 75 secs, the
median Runtime of the GCS based formulation outperforms
the big-M based formulation by 69.4%. When Ny, is 15, the
median Runtime of the GCS based formulation outperforms
the big-M based formulation by 75.8% when the time
window duration is 50 secs. As for the Average Gap (%),
the GCS based formulation outperforms the big-M based
formulation under all the nine configurations, especially
for the case of 15 targets where its Average Gap (%) is
significantly smaller by 96.7% and 76.8% when the time
window duration is 50 and 75, respectively, as compared
to the big-M based formulation whose Average Gap (%)
increases much more dramatically as the time window
duration increases.

8.4.2 Varying the Robot Maximum Speed In this section,
we consider the second set of experiments where v,,4, 1S
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varied. We do this by fixing the time window duration at 50
secs, and varying v,,q,; to 4, 6, and 8 unit/sec. The results
for this experiment are illustrated in Fig. 9 (d), (e), and (f),
which corresponds to N, = 5, 10, and 15, respectively.

Similar to the results of varying the time window duration,
the Runtime increases as Vi, increases. However, as
for each N, the Runtime changes slightly as v,,qz
increases for both formulations. When N, = 10, the
median Runtime of the GCS based formulation outperforms
the big-M based formulation by 37.0% and 11.3% when
Umae 18 4 and 6 unit/sec, respectively. When N, = 15,
the instances become extremely challenging for the big-M
based formulation to solve within the time limit, but the GCS
based formulation is able to get the optimal solutions within
the time limit for most of the instances, achieving 83.5%,
79.5%, and 75.5% smaller median Runtime and 100.0%,
96.6%, and 97.2% smaller Average Gap (%) than the big-
M based formulation when v,,,,, = 4, 6, and 8 unit/sec,
respectively. In addition, it is worth noting that the Average
Gap (%) of the GCS based formulation is smaller than the
big-M based formulation under all the nine configurations,
which is similar to the results of varying the time window
duration.

9 Conclusion and Future Work

This paper introduced an exact method based on Mixed
Integer Conic Program (MICP) for the Dynamic Range
Moving-Target Traveling Salesman Problem (DR-MT-TSP),
which optimizes the path of a drone equipped with a
downward pointing dynamic field of view (FOV) sensor to
capture and monitor multiple moving targets. We developed
two formulations, a big-M based MICP and a Graph of
Convex Sets (GCS) based MICP, and proved their validity
and equivalence. Experimental results demonstrate that the
GCS based formulation significantly outperforms the big-M
based formulation in both runtime and optimality gap as the
number of targets increases.

The proposed formulations effectively handle the chal-
lenges of dynamic FOV and the monitoring requirements.
For future work, we plan to extend the GCS based MICP
to multi-agent scenarios, where multiple drones cooperate to
monitor moving targets. Additionally, we aim to incorporate
more complex target motion patterns, such as piecewise-
linear or stochastic trajectories, and integrate collision avoid-
ance and communication constraints to enhance the practi-
cality of the proposed program in real-world deployments.
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