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ABSTRACT

Multi-Agent Path Finding (MAPF) seeks collision-free paths for
multiple agents from their respective start locations to their re-
spective goal locations while minimizing path costs. Most existing
MAPF algorithms rely on a common assumption of synchronized
actions, where the actions of all agents start at the same time and
always take a time unit, which may limit the use of MAPF plan-
ners in practice. To get rid of this assumption, Continuous-time
Conflict-Based Search (CCBS) is a popular approach that can find
optimal solutions for MAPF with asynchronous actions (MAPF-
AA). However, CCBS has recently been identified to be incomplete
due to an uncountably infinite state space created by continuous
wait durations. This paper proposes a new method, Conflict-Based
Search with Asynchronous Actions (CBS-AA), which bypasses this
theoretical issue and can solve MAPF-AA with completeness and
solution optimality guarantees. Based on CBS-AA, we also develop
conflict resolution techniques to improve the scalability of CBS-
AA further. Our test results show that our method can reduce the
number of branches by up to 90%.
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1 INTRODUCTION

Multi-Agent Path Finding (MAPF) seeks collision-free paths for
multiple agents from their respective start locations to their respec-
tive goal locations while minimizing path costs. The environment
is often represented by a graph, where vertices represent the lo-
cations that the agent can reach, and edges represent actions that
transit the agent between two locations. MAPF is NP-hard to solve
optimally [19], and a variety of MAPF planners were developed,
ranging from optimal planners [14, 16], bounded sub-optimal plan-
ners [2, 7], to unbounded sub-optimal planners [4, 9]. A common
underlying assumption in these planners is that each action of an
agent, either waiting in place or moving to an adjacent vertex, takes
the same duration, i.e., a time unit, and the actions of all agents
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(d)

Figure 1: A motivating example of MAPF-AA where the yel-
low car moves fast and the green truck moves slowly in con-
tinuous time. The circled numbers show the time points: e.g.,
in (a), the truck moves from B1 to B2 during the time range
[0.0, 2.3]. This work considers the agent to occupy both ends
of an edge when the agent goes through it. As a result, a
constraint (as shown in (d)) at B2 with time range [0.0, 4.6] is
imposed on the yellow car to avoid collision as shown in (c).

are synchronized, i.e., the action of each agent starts at the same
discrete time step. This assumption limits the application of MAPF
planners, especially when the agent speeds are different or an agent
has to vary its speed when going through different edges (Fig. 1).

To bypass this synchronous action assumption, MAPF variants
such as Continuous-Time MAPF [1], MAPF with Asynchronous
Actions (MAPF-AA) [12], MAPFR [17] were proposed. The major
idea in those variants is that, the actions of agents can take different
amounts of time, and as a result, the agents may not start and end
each of their actions at the same discrete time steps. Among the
exact algorithms that can find optimal solutions, Continuous-time
Conflict-Based Search (CCBS) [1] is a leading approach that extends
CBS to handle various action durations.

This paper focuses on exact algorithms for MAPF-AA, which
considers duration conflict [10, 12] in the sense that when an agent
traverses an edge within a time range, the agent occupies both
end vertices of the edge during that time range and no two agents
can occupy the same vertex at the same time. CCBS [1] can be
applied to solve MAPF-AA. However, a naive application can lead
to incompleteness due to the infinite number of possible durations
for the wait action [5], and may not be able to find a solution even
if the instance is solvable. Although the reason for such incomplete-
ness is analyzed [5], we are not aware of any fix in the literature
yet, and this paper provides a possible fix by developing a new
exact algorithm called Conflict-Based Search with Asynchronous
Actions (CBS-AA) for MAPF-AA. Besides CCBS [1], our prior work
has studied scalable yet unbounded sub-optimal algorithms for
MAPF-AA [20, 21]. In terms of exact algorithms, our prior work
developed an A*/M*-based exact algorithm for MAPF-AA called
Loosely Synchronized M* (LS-M*) [12], which often runs slower
than CCBS [1].

Additionally, in MAPF-AA, it takes a different amount of time
when different agents go through the same edge, or the same agent


https://orcid.org/0009-0000-5354-590X
https://orcid.org/0000-0002-2351-6152
https://orcid.org/0000-0003-2880-8653
https://orcid.org/0009-0000-5354-590X
https://orcid.org/0000-0002-2351-6152
https://orcid.org/0000-0003-2880-8653

goes through different edges. Such heterogeneous duration tends to
complicate the collision avoidance among the agents, and disables
many conflict resolution techniques in CBS for MAPF, which limits
the scalability of the exact algorithms for MAPF-AA. To improve
scalability, we develop constraint propagation techniques based on
the agents’ action duration within CBS-AA. The intuition behind
these techniques is that when two agents collide, we add constraints
to the agents to forbid as many actions as possible, and forbid each
action as long as possible, so that CBS-AA can resolve collisions in
fewer iterations.

We compare different variants of our CBS-AA with the existing
CCBS. The results show that with the proposed constraint prop-
agation techniques, the success rate of CBS-AA is significantly
higher than that of CCBS [1], and the number of iterations in high-
level is reduced by up to 90%. We also compare our CBS-AA with
LS-M* [12]. The results show that CBS-AA can find the optimal
solution faster, and the costs of the optimal solutions are the same
as those of LS-M™.

2 PROBLEM FORMULATION

LetI={1,2,...,N} be the index set of N agents, where each i € I
corresponds to a specific agent. The workspace is represented by
an undirected graph G = (V, E), where V is the set of traversable
vertices, and E € V x V. Each edge e = (u,v) € E represents an
action that moves an agent from u to an adjacent vertex v. The
travel time of each edge may vary for each agent. Let 7/(u, v) € Rxg
denote the travel time for agent i moving from u to v. All agents
can wait at a vertex for an arbitrary amount of time.

Let s* = (v,t) denote the space-time state of agent i, and let
Al = (si, sé) denote a state transition from si to s;. Given Al =
((vi, ti), (vé, té)), let vf(Ai), 'tf(Ai) gnd 0(AY), (A denote the space
and time components for s; and sé, respectively, and let 7(A") denote
the duration of A’. For any action, té = t{ + 7(A%). For a move action,
Ué is adjacent to vi, and .T(Ai). = Ti(Ui, v;) is given by input. For
a wait action, we have o] = v;, and the duration 7(A') € Ry is
determined by the planner. We use the same conflict model from
existing work [10, 12], as illustrated below.

DEFINITION 1 (DURATION OccuPaNcy). When agent i performs
an action ((Ui, t{), (ué, té)), both vi and v; are occupied by i during
the action, which is called Duration Occupancy (DO). Specifically,
Ui is occupied at time £ ZJ; is occupied at time i and both vi,vé
are occupied during (ti, t;). At any time point, a vertex can only be
occupied by at most one agent. Multiple agents are in conflict if they
both occupy the same vertex for a non-empty time interval, which is
referred to as Duration Conflict (DC).

Let ﬂi(vs,vg) = (aé = (vs, 0), ai, e a;'c = (vg, tr)) denote a path
from vs to vy. The cost of 7' is ti, denoted as g(z'), which is the
time point it reaches v, and can permanently stay after ¢ without
conflict. Let Vs, V; denote the set of start and goal locations of all
agents, and v} € Vj, v; € Vj denote the start and goal location of
agent i respectively. We assume there is no conflict when all agents
stay at their start or goal locations. Multi Agent Path Finding with
Asynchronous Action (MAPF-AA) P = (V. E, Vs, V) seeks to find

a set of conflict-free paths such that (1) each agent i € I starts at

o} and ends at vé; and (2) minimize the sum of costs (SoC) of all
agents’ paths, i.e., min 37 g(r').

3 PRELIMINARIES

CBS. Conflict-Based Search (CBS) [14] is a two-level search algo-
rithm that finds an optimal joint path for MAPF. At the high-level,
CBS constructs a search tree and starts with a root node which con-
sists of all agents’ individually optimal path ignoring any conflict.
And then CBS selects a specific node that has the smallest g-value
(sum of costs), and detects conflicts along the paths of any pair
of agents. According to the detected conflict, two constraints are
generated corresponding to the two sub-trees. For each of those
two constraints, CBS runs a low-level search to find a new path
satisfying the constraints. At the low-level, a single-agent planner is
invoked to plan an optimal path that satisfies all constraints related
to a specific agent. CBS guarantees finding a conflict-free joint path
with the minimal sum of costs.

CCBS. Continue Conflict-Based Search (CCBS) [1] is a CBS-based
method and can solve the MAPFR problem to optimality. It assumes
the travel time for an edge is real-valued and non-uniform, and
different edges have different travel times. Therefore, the time is
continue and the action of agents is asynchronous. To detect con-
flicts, CCBS assumes that all agents move in a straight line at a
constant speed and detects collisions based on agents’ geometry,
such as circles. To resolve conflicts, CCBS adds constraints over
pairs of actions and time ranges, instead of location-time pairs.

Specifically, for a conflict ((a’, t%), (a/,t/)), which means that
agent i performs action a’ at t' and agent j performs action a/ at t/,
and they collide, CCBS computes for each action an unsafe intervals
w.r.t the other’s action. The unsafe interval [t}, t}) of (a, t') w.r.t.
(a/, t/) is the maximal time interval starting from ¢! in which if
agent i performs a' then it is in conflict with the action (a/, t/).
CCBS adds to agent i the constraint (i, a’, [t}, t})), which means
agent i cannot perform action a’ in the range [¢/, t})), and adds to
agent j the constraint (j, a/, [t/, £])).

The low-level solver of CCBS is Constrained Safe Interval Path
Planning (CSIPP), where safe intervals for a vertex are computed
based on CCBS constraints. In detail, a CCBS constraint (i, al;v, [ti, t,i))
about a wait action a’, of vertex v will divide the safe interval of
v to two parts: one that ends at ¢’ and another that starts at ¢} If
the action a’, is a move action related to edge e = (v,0’), CCBS
replaces the action ain with action ain, that starts by waiting in v
for duration t}, — ¢ before moving to v.

CCBS has issues as reported in [5]. CCBS fails to resolve conflicts
for wait actions, since the time is continue, there are infinitely many
wait actions with duration time 7,, € R>¢. The constraint added by
branching each time in CCBS only focuses on a specific duration
of the wait action, which can lead to infinite number of branching
when resolving conflict caused by wait actions. For example, wait
action afw = (B, B, 2.0) means waiting at vertex B for a duration of
2.0, and CCBS adds a constraint (i, al;v, [ti, tL)) to prohibit agent
i from performing a’, at time ¢t € [t,¢}). But agent i still can
preform wait action a’;vl = (B, B,2.01), a‘;vz = (B, B,2.001), a’;w =
(B, B,2.0001)... at time ¢ € [t',t},). So, CCBS may not terminate
when there is a wait action.
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Figure 2: Toy example for the issues of CCBS.

In the open-sourced implementation!, CCBS makes a change
when transferring constraints about wait action to low-level solver.
For the previous constraint (i, a’;A,, [ti, t{;)), CSIPP divides the safe
interval of B to two parts: [0, t') and [t}, c0), which means that agent
i can not perform any wait action a = (B, B, 7y,), T,y € R3¢ in [ti, t,i).
However, “not perform any wait action a = (B, B, Ty), T4y € R>¢ in
[t}, )" is not equivalent to “not perform wait action a’, = (B, B, 2.0)
in [¢%,t})”. This inconsistency may miss feasible solutions during
branching and can not guarantee completeness and optimality. For
the rest of the paper, we refer to this implemented version as CCBS.

EXAMPLE 1. As shown in Fig. 2, there are three agents I = {1,2,3}.
The duration of all move actions of agent 1,2 and 3 ist' = 1, 7% = 2
and 13 = 3, respectively. In the root node of high-level, agent 2 and
3 have a conflict {(a?, t* = 0), (a®, > = 0)) wherea® = (D, D, ) isa
wait action with co duration time, a> = (C, D, 3) is a move action from
C to D. By Def. 1, the unsafe interval of (a%, t? = 0) w.r.t. (a3, 3 = 0)
is [0,3) and the unsafe interval of (a3, t> = 0) wrt. (@, t> = 0) is
[0, c0). By the implementation of CCBS, two constraints are generated,
(3,C — D, [0, 0)]) forbids agent 3 to perform action a> in the range
[0, o) and (2, wait at D, [0, 3)) forbids agent 2 to perform any wait
action a = (D, D, Ty), Tw € Ry in the range [0, 3). The sub-trees of
both branches do not contain the optimal solution.

LS-M™. Loosely Synchronized M* (LS-M*) [12] solves MAPF-AA
by introducing new search states that include both the locations
and the action times of the agents. Similar to A, LSS iteratively
selects states from an open list, expands them to generate successors,
prunes those that are either conflicting or less promising, and inserts
the remaining ones into the open list for future expansion. This
process continues until a conflict-free joint path from the start
locations to the goal locations is found for all agents. LS-M* further
introduce the idea of subdimensional expansion [16] into LSS and
can handle more agents than LSS. LS-M* is complete and finds an
optimal solution for MAPF-AA, but can only handle a relatively
small number of agents.

4 METHOD

This section proposes Conflict Based Search with Asynchronous
Action (CBS-AA), which finds an optimal solution for MAPF-AA.
We first modify CCBS to effectively resolve conflicts and call this
modified method Constraint on Single Action (CSA). Then, we use
DO to propagate constraints and resolve conflicts efficiently, which
we call Constraint on Multiple Actions (CMA).

!https://github.com/PathPlanning/Continuous-CBS

Algorithm 1 CBS-AA

INPUT: G = (V, E)
OUTPUT: a conflict-free joint path 7 in G.
1 Q¢ « 0, 1,9 «— LowLevelPlan(Q.)
: Add Proor,1 = (1, g, Q) to OPEN
: while OPEN # 0 do
P = (7, 9.Qc) < OPEN.pop()
cft « DetectConflict(r)
if cft = NULL then return x
Q « GenerateConstraints(cft)
for all ! € Q do
Q' = Q.U {0}
7’,g" < LowLevelPlan(Q’)
Add P’ = (7, g',Y) to OPEN
12: end for
13: end while
14: return failure

R A LN

—_ =
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Overview. CBS-AA (Alg. 1) is similar to CBS with three processes
modified: LowLevelPlan, DetectConflict and GenerateConstraints.
LowLevelPlan adapts Safe Interval Path Planning (SIPP) [11] to han-
dle continuous-time. The numbers associated with safe intervals
and constraints are all positive real numbers. We cut safe intervals
into continuous time intervals according to the constraints, rather
than a set of discrete time steps. DetectConflict detects conflicts in
the continuous time range. When there is overlap in the time inter-
vals for two agents to occupy a same vertex, a conflict is returned.
In GenerateConstraints, we propose two different conflict resolution
methods for MAPF-AA, CSA and CMA, as detailed later.

4.1 Conflict Detection and Classification

For a vertex v, there are three types of actions:

IN:  {Aor(A") = 0}

ouT:  {Alfop(A!) = 0} (1)

WAIT :  {Allop(AY) = 0r(A) = 0}
If agent i wants to go through v, it must perform these three actions
A} € IN, Alw € WAIT and A’O € OUT at v in sequence. Let 7(A%, v)
denote the time interval during which the transition of i occupies
vertex v based on Def. 1. If agent i performs A} at ¢, 7(A},0) =
(t.t+ T(AD], (A}, 0) = [t + o(A)), £ + 7(A]) + T(A],)] and (A, 0) =
[t + 7(A]) + T(A},)). t + T(A]) + 7(A},) + 7(A)]. I i does not need to
wait at o, the duration 7(Aj,/) is 0 and the wait action Aj,, occupies
v only at one time point ¢ + 7(A}).

Two agent i and j are in contlict if there is a v such that (AL 0)N
7(A/,v) # 0. Let (A', AJ,v) denote a duration conflict between
agents i and j that both occupy the same vertex v during their
actions A’, AJ. For two agent i and j, we always detect and resolve
the earliest conflict between them. We classify all conflicts to be
resolved into three types (Fig. 3):

o IN-IN: (A} A/ ), where v = v;(AY) = v,(AY);

e OUT-IN: (A', A7, 0)0, where v = v;(A") = vp(A));

o WAIT-IN: (A', A/, 0)w, where v = v:(A") = vp(A)) = v (A7)
While there are nine possible combinations of two agents’ ac-

tions {IN,OUT,WAIT} x {IN,OUT,WAIT}, we only need to consider
the combinations that involve IN. Since for any other conflicts
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Figure 3: Three Conflict Types. (a): IN-IN; (b): OUT-IN; (c):
WAIT-IN

(a) (b)

{OUT,WAIT} x {OUT,WAIT}, an IN must be involved prior to WAIT or
OUT and cause a conflict at the same vertex due to DO. From now
on, for any conflict between i and j, let i be the agent who performs
the IN action, and j may or may not perform IN.

4.2 Constraint and Low-level Planner

Safe Interval Path Planning (SIPP) [11] is often used as the low-level
planner in CBS. It constructs a search space with states defined
by their vertex and safe time interval, resulting in a graph that
generally only has a few states per vertex. SIPP is more efficient
than A* in the presence of wait durations and finds an optimal path
that avoids any unsafe time intervals. We adapt SIPP to MAPF-
AA setting by using the following constraints for an agent i, let
Al = ((vi,t{), (vé, té)):
e Motion Constraint (MC) (i,u — v, [[, r))m: forbids all move
actions A! where Ui =u, v; =ypand ti' e[Lr)
e Wait Constraint (WC) (i, v, [[, r)),,: forbids all wait actions
Al where Ui =vand r(AL0)N[Lr)#0
e Occupancy Constraint (OC) (i, v, t),: forbids all actions (IN,
OUT and WAIT) A? where t € (A%, v);

Fig. 4 illustrates how the constraints affect the search space of the
low-level planner.

In the low-level planner of CBS [14], tie-breaking is a useful
method to find conflict-free solutions faster. It can find an optimal
path for agent i that satisfies the constraints added by high-level
and has fewer conflicts with the planned paths of other agents.
SIPPS [6] extends SIPP to consider other paths as soft constraints
and breaks ties by preferring the path that has fewer soft conflicts
(i-e., conflicts with soft constraints). But SIPPS ignores the cases
where an agent may encounter multiple soft conflicts if it waits
within a safe interval.

To consider these cases, we propose SIPPS with Waiting Conflict
(SIPPS-WC) to consider the soft conflicts when waiting. Specifically,
a state s = (v, t, tp, ;) in SIPPS-WC consists of a vertex v, an arrival
time ¢, an end time of the corresponding safe interval t, and an
integer number ¢}’ indicating the number of soft conflicts if waiting
ato from ¢ to t,. As shown in Fig. 5, ¢}¥ can help distinguish between
a path that moves from v to " and then waits at v’ and another path
that waits at v and then moves to v”. To prune states, if two states s;
and sy have the same v, t}, and ¢}, then s; dominants sy if the arrival
time s;.t < sp.t and the number of soft conflicts along the path
from the start vertex to v c(s1) < c¢(s2). Our low-level planner adapts
SIPPS-WC to continuous time and the three types of constraints as
aforementioned (Fig. 5).

4.3 Constraints on Single Action (CSA)
Let Al = ((pi, ti), (vg, té)) and A/ = ((v{, t{), (vé, té)) In an IN-IN
conflict (A’, A, v)}, if we permit j’s current action, then i cannot
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Figure 4: Changes in the search space of low-level after
adding constraints. Duration time from A to B and from B
to C are abbreviated as 745 and 7p¢. () MC (i, A — B, [,r))m:
before time /, the interval at which moving from A to B can
be started is [0, ]); after time r, the interval is [r, ). (b) WC
(i, B, [I,7)): before time [, the interval at which an IN in B
can be started is [0, ] — 745) and the interval at which an OUT
in B can be started is [74p, [); after time r, the interval about
INin Bis [r — 748, ©) and the interval about OUT in B is [r, );
the safe interval of B is [0,]) and [r, ). (c) OC (i, B, t),: be-
fore time t, the interval at which an IN in B can be started is
[0,t — zap — TBC] (by Def. 1, t — 745 — 7pc is included) and the
interval at which an OUT in B can be started is [tap, t — 75c];
after time ¢, the interval about INin B is [t, ) and the interval
about OUT in B is [t + 745, ©); the safe interval of Bis [0, — r5¢)
and [t + 74, ).

Soft constraints: (v, [5.12,5.37), (v', [10.18,11.21))
sp = (v,0,8.29,0)

t=0 8.29
Ser = (v,1,20,2)

t=1 5.12 5.37 10.18 11.21 oo
Sep = (v',6.37,0,1)

t=6.3710.18 11.21 «

Safe interval JUnsafe interval || Soft constraint

Figure 5: Expanding states in SIPPS-WC. The parent state s,
at vertex v with safe interval [0, 8.29) can get two child states
sc1 and s¢y at vertex v’. State s¢; has safe interval [1, o) (starts
moving at ¢ = 0, arrives at v’ at t = 1) and s¢;.c) = 2. State s2
has safe interval [6.37, o) (waits at v, starts moving at ¢ = 5.37,
arrives at v’ at t = 6.37) and scp.¢)) = 1

perform its action during the time interval [I! = t{, ri = tg )- Here,
setting I' = t{ eliminates the current action of i, as the conflict
has been detected. Let ri = tg, since j occupies v in (tj, tg] and i
occupies v in (tg , tg +7(A")] (Def. 1). Similar reasoning applies to an
OUT-IN conflict. Constraints for both IN-IN and OUT-IN conflicts
are denoted as Eq. 2.

In a WAIT-IN conflict (A}, A/, v)y, we simply add constraints
to forbid agents to occupy v at a time point £, = min(t, tg ). All



constraints are denoted as Eq. 3.

(i,0] — ok, [}, ])m (2)
(o] = o), [, t]))m
<i>05tr>0
3
{(]s 0, tr)o ( )

REMARK 1. The difference between CSA and CCBS lies in the con-
straints on WALT actions. CCBS adds a constraint to a specific WALT
action, while CSA adds a constraint to a vertex v, which forbids all
actions that occupy v. The constraints in CSA avoid the problem about
infinitely many wait actions.

4.4 Constraints on Multiple Actions (CMA)

For a specific vertex v, e; = (u1,0) € E and ez = (up,v) € E, the
travel time for agent i, 7*(u1, v), can be different from 7*(u, v). Let
Tl?n(v) Out(v) denote the minimum travel time of i’s IN and OUT at o,

Le, Tm(U) min,_ (u, ZJ)EE(T (u v))and 1, out( ) = mlne:(v,u)eE(T (0’ u)).

If agent i starts to perform an IN in v at ¢, it occupies v at least
(tt+7,@)+7 Out(v)). If agent i starts to perform a WAIT or OUT in
v at t, it occupies v at least (¢ — 7.'; (o), t+1 out(v)). CMA uses such
DO to propagate constraints to multiple actions and time intervals.

Resolve IN(j )-IN(i). To permit j’s action, we add a constraint on
i to forbid all IN actions starting within the time interval [t{, t{ +

r’ - )wheret]+rj -

out out
for j to leave v if starting to perform an IN in v at t{ . The same
strategy is applicable for i:

{(l * —> 0 [t{,t{ + TJ Tgut»m

(,* — v [t{,ti +r +T0ut)>m

represents the earliest time point

4)

Resolve OUT(j)-IN(i). To permit j’s action, we add a constraint

on i to forbid all IN actions starting within the time interval [ti, t{
Téut). To permit i’s action, multiple constraints on j are added to

forbid all OUT actions starting within the time interval T = [t{ , ti

T + Tout + len) and forbid WAIT actions that occupy v at any time
pornt inT.
(% = 0, [tht] + 7], m (©)
oo, (8]t + 7 v U
o, [ +,T + T ;T m)>_W ©)
<],U—>*[t1,t1+‘[ +'[ +z{n))m
Here, [tl, t{ rgm) allows i to either start the IN earlier than

ti or after the earliest time when j’s OUT finishes (> tj + rgut)
t’ + r + T L is the earhest time point that i finishes an OUT action

to leave v, and t’ + r + Tout + r] is the earliest time point that j
finishes the IN to reach v, SO that Jj can start to perform a WAIT or

OUT afterwards.

Resolve WAIT(j)-IN(i). Due to the existence of WAIT action and
the variable duration of WAIT action, this case requires extra care
on the time interval of constraints. We first show the form of con-
straints, then we discuss how to properly set the time interval of
constraints.

Overall, we add a constraint on i to forbid all IN actions starting
within the time interval T? = [I, %), or to forbid j’s WAIT to occupy

v for at any time point in TJ = [lj ot ), where T TJ depend on the
duration of j’s WAIT action. _
+ T] is a critical

Similar to Eq. 6 to permit i’s action, t’ + r + Tout

time point. t‘ + r + 1, . is the earhest tlme point at Wthh agent
i leaves the conﬂlct vertex o. Then agent j can start the IN action,

arriving at t{ + Tfn .t ’Z’ljn, and performs a WAIT. Therefore,

i
t +r +r0u,

a WAIT without conﬂicting with i. We set r/ = t’ + r + raut

+rl.]n is the earhest time point that j can start to perform
v

To permit j’s action, t + 1’] ¢ 18 a critical time pomt t + r] ur 18
the earliest time point at Wthh agent j leaves the conﬂrct vertex
v. Therefore, tj + rgut
to perform a IN without conflicting with j. r* should be equal to
t/ +Téut Asillustrated in Fig. 4, we can set I’ = t’ andl/ € [tj t]] to
make the constraints affect the relevant actions. To resolve conﬂlcts

efficiently without eliminating potential solutions and impacting

is the earliest time point that i can start

completeness, we set V= té .
J g _ i
ur ¥ len’ ' = t and

ri = t] + Té > Where tl is the start time of the IN action and tJ is the

end t1me of the WAIT actlon However, due to the uncertain duratron

Now, we have I/ =1, rl = ti+1—i +Ti

of WAIT action, the end time point té may be very large, which can

result in I/ > rJ and thus invalidate the interval T/. When tg is
large, special care is needed

If tj > ti + Ti Tour * Tl}n, Jj performs a long WAIT. The long
wait actlon is d1v1ded into two consecutive short WAIT actlons The
start and end times of the first short WAIT action are t] = t] and

té = ti + Ti + r ut respectlvely The start and end times of the

second short WAIT action are t{ = ti + Tl. + T 4 and tj té
respectively. We first resolve the conflict between J’s ﬁrst short
WALT action and i’s IN action, usmg the above idea. Therefore we

— i i J’
havelJ—t +len,l—tandr—t +Tdut’

1l = ti + Tin + 15,
where ti is the start time of the IN action and té is the end time of
the first short WAIT action.

In summary, there are two cases:

Case 1 (Fig. 6 (a)): tj <rf

(i,* > v, [tl t + Téut» @)
{j,v ,[tz,ti + T + T +Tijn))w
Case 2 (Fig. 6 (b)): £] > 1/
(i,* > o, [ti ti + Tin + Tti)ut‘ + rojyt»m . (8)
(v, [t +T + rou,,t T Tt ri]n))w

Note that conflict resolution in Case 2 needs multiple iterations
to permit j’s long WAIT action. In the first iteration, after adding
the constraint of case 2, the start time of i’s IN action is delayed to
permit j’s first short WAIT action. Then in the second iteration, we
have a conflict between j’s second short WAIT action and i’s delayed
IN action. After a finite number of iterations, case 2 will return to
case 1, and finally the entire long WAIT action of j is permitted.

ExAMPLE 2. Following Ex. 1, Fig. 7 shows the search process of
CMA. CMA can eventually find an optimal solution. Four key conflicts
need to be resolved. The first conflict is (Ai,Aj, o)w, wherei = 3,
j =2, Al = ((C,0).(D,3)) and A/ = ((D,0),(D,)). The second
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Figure 6: Resolve WAIT(j)-IN(i). Rectangular strips are con-
flicts. Arrows are corresponding constraints. (a) Case 1: té <
rf. (b) Case 2: té >rl.
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Figure 7: Search process of CMA for Ex. 1

=

conflict is (A}, A, v)o, wherei = 2, j = 1, A = (D, 0),(E, 2)) and
Al = ((E,0), (B, 1)). The third conflict is (Ai,Aj,U)w, where i = 3,
j=2,A" = ((C,0),(D,3)) and A/ = (D, 0),(D, 1)). The fourth conflict
is (AL, AT 0)o, wherei = 2, j = 3, Al = ((E, 6),(D,8)) and A/ =
(D, 6),(A,9)).

4.5 Discussion on CMA and CSA

For each constraint generated in CMA and CSA, the end time r of
the time interval in that constraint must be no smaller than the
start time [ of the time interval. Otherwise, the interval and the
constraint are invalid. It is easy to verify that r is not smaller than
[ in the constraints of CSA. But Eq. 4, Eq. 5 and Eq. 6 of CMA may
result in 7 being smaller than [ due to the differences in travel time.

(D,B)=tY(B,D)=2

(E,B) = t'(B,E) = 2 ﬁ. e
t'(4,B)=1'(B,A) =6 ® B ©®
t(c,B) =11(B,C) =6

T4 (B) = T4y (B) = 2 @

t2(D,B) = t2(B,D) = 1
t?(E,B) = t*(B,E) = 1
t2(A,B) = t2(B,A) = 3
t2(C,B) = t2(B,C) = 3 (b)
t2,(B) = 72,,(B) = 1

Figure 8: (a) An example where CMA generates an invalid
constraint. (b) By inserting intermediate vertices into the
longer edges, the constraint generated by CMA can be valid.

EXAMPLE 3. As shown in Fig. 8 (a), the conflict is (A, AJ, v)1, where
i=1,j=2 Al = (4,5),(B 11)) and AJ = (D, 10.5), (B, 11.5)). Ac-
cording to Eq. 4, the constraint added to agent j is (j, * — B,[10.5,9))m,
which is invalid.

If the following assumption holds, then r is always greater than
I for any generated constraint in CMA.

AssUMPTION 1. For each agent i € I, the duration for i to traverse
any edge e € E is the same constant real number. This constant can
be different for different agents.

In practice, Assumption 1 can be satisfied by inserting interme-
diate vertexes into the longer edges (as shown in Fig. 8 (b)) and
Keeping agents moving at constant speeds. The grid world used for
path planning in an automated warehouse is a common example.
By Assumption 1, all edges linked to v have the same travel time for
agent i. The time intervals in Eq. 4 are changed to [t{, té +7/)and

[t{ R té 7 ) where i, 7/ denote the travel time of agent i, j. It is easy
to verify that r is not smaller than [ in these new time intervals.
The same is true for Eq. 5 and Eq. 6.

4.6 Analysis

In this subsection, we show that CBS-AA is optimal and complete.
We begin by showing that the constraints introduced by CBS-AA
are mutually disjunctive, a property essential for proving optimal-
ity. Next, we demonstrate that CBS-AA always terminates within a
finite number of steps. Finally, we prove the optimality and com-
pleteness of CBS-AA.

DEFINITION 2. Two constraints are Mutually Disjunctive (MD) [8]
if a set of conflict-free paths cannot simultaneously violate them.
In other words, if a set of paths simultaneously violates these two
constraints, then it must have a conflict.

LEmMMA 1. Constraints in CSA (Eq. (2), (3)) are MD.

Proor. In Eq (2), the end time r of the time interval added to i
(j) is tr(AT) (t:(A%)). Therefore, simultaneously violating these two
constraints necessarily leads to a conflict. In Eq (3), violating both
constraints will obviously result in a conflict at time point t,. O

Assumption 1 allows us to use !, 7/ to denote the travel time
of agent i, j € I for any edge in G, which greatly simplifies the
notation. This section thus uses this assumption to show the ideas
in the proofs. The proof can be extended to the general case without



relying on Assumption 1 by using fiin(v), r(‘;ut(v). Given (Al, A, v),

let A = (o1, £1), (o}, £5)) and A/ = (0], ]). (0] 1)).

LEMMA 2. IN-IN constraints (Eq. (4)) in CMA are MD.

PRrROOF. Assume agent i performs IN at time x, occupying v over
7, = (x,x + 27*), and agent j performs IN at time y, occupying v
over ré = (y,y + 27/). If both agents violate the constraint, then
x € [ti, tg +r/)andy € [t{, té + 7). We show the intervals must
intersect. By contradiction, suppose they do not. (i) If x > y + 27/,
then x < tg + 7/ while Y+ 2t > t{ +27) = tg + 7/, a contradiction.
(i) fy = x + 2¢', then y < t; + 7' while x + 27" > ] + 27" = 1, + ',
a contradiction. Hence, the intervals intersect, implying a conflict.
Without Assumption 1, replacing 27 by 7, + 7oy yields the same
conclusion. Therefore, constraints in Eq. (4) are MD. O

With the same idea, it can be proved that OUT-IN constraints
(Eq. (5), (6)) and WAIT-IN constraints (Eq. (7) and (8)) are MD.

LEMMA 3. CBS-AA can terminate within a finite number of steps
on a solvable MAPF-AA problem.

Proor. Due to space limits, we sketch the main idea, similar to
the one in [3]. If the method does not terminate, there exists an
infinite sequence of high-level nodes whose costs are all below the
optimal solution and all contain conflicts.

Let a trajectory o be a finite sequence of move actions with cost
g(o) equal to the sum of their durations. If a path 7 contains all
actions of ¢ in order, we write 7 ~ o. For any finite ¢ € R, the set
{o | g(0) < c} is finite. Hence, infinitely many constraints must be
added to paths mapping to a specific trajectory 0.

Non-termination requires that, despite infinitely many constraints,
there still exists a path 7’ ~ ¢ satisfying all constraints with
g(r’) < c. However, each constraint introduced by CBS-AA reduces
the feasible execution time of actions in ¢ by a non-zero amount.
After finitely many branchings, no such n’ can exist. Therefore,
CBS-AA must terminate in finite steps. O

THEOREM 1. CBS-AA is optimal and solution complete.

Proor. Because all constraints added by CBS-AA are MD (Lem. 1
and Lem. 2), all solutions are reachable from the root of search tree.
And CBS-AA always expands the high-level node with minimum
objective value. Thus, CBS-AA is optimal. If a feasible solution
exists, CBS-AA is solution complete because it can terminate within
a finite number of steps (Lem. 3). O

5 EXPERIMENTAL RESULTS

In the previous section, we proposed CSA to correct the errors of
CCBS, and further proposed CMA to resolve conflicts efficiently.
In order to find conflict-free solutions faster, we proposed a new
low-level planner, SIPPS-WC. In this section, we compare our CSA,
CMA and CMAS (CMA with SIPPS-WC) with CCBS [1], to show
the gradual improvement of the methods. Among them, CSA and
CMA use SIPP at the low-level, CMAS uses SIPPS-WC at the low-
level. Besides, to verify the optimality, we compare CMAS with
LS-M* [12].

We use four maps of different sizes from an online data set [15]:
“empty-32-32”, “random-32-32-20", “den312d” and “warehouse-10-
20-10-2-2". We test the algorithms by varying the number of agents
N from 10 to 50.For testing purposes, we consider that the edges
in each map have fixed-length edges of a unit, and each agent has
a random speed between 1 and 20. In other words, it takes the
same amount of time to traverse any edge for the same agent, and
it takes different amount of time to traverse the same edge for
different agents. When agents reach their goals, they will stay there
permanently. The runtime limit of each instance is 30 seconds. We
implement all algorithms in C++ and run all tests on a computer
with an Intel Core i7-11800H CPU.

5.1 Comparison with CCBS

Success Rates. Fig. 9 (a)-(d) show the success rates of the methods.
We observe that CSA has a slightly higher success rate than CCBS,
mainly due to the changes in the wait action. Different from CCBS,
the constraint added by CSA for wait actions (Fig. 4 (c)) may affect
all of IN, OUT, WAIT actions, and therefore resolve conflicts more
efficiently and improve the success rates a bit. Since CCBS’s con-
straints on wait actions are not mutually disjunctive, it is possible
that CCBS overlooks feasible solutions and fails within the time
limit, resulting in a lower success rate. Additionally, the success
rates of CMA are obviously higher than CSA and CCBS, especially
when the number of agents increases. The reason is that, CMA add
constraints that affect multiple actions and add constraints at a time
interval for WAIT actions, which makes CMA resolve conflicts more
efficiently than CSA and CCBS. Finally, SIPPS-WC can help find
an optimal path and avoid collisions with other agents as much as
possible, especially for cases involving waiting at a safe interval.
With the help of SIPPS-WC, the success rates of CMAS are further
improved and can handle up to 50 agents in the warehouse map,
which is otherwise hard to achieve by the other three algorithms.

Number of Expansions. Fig. 9 (e)-(f) shows the number of high-
level nodes expanded. CMA has the least number of expansions,
which means it can resolve more conflicts with one branching,
which reduces the number of expansions to find a solution. Com-
pared with CSA, CMA reduces the number of expansions by up to
90%: When the number of agents is 25 in the empty map, the aver-
age number of expansions in CSA is 8286 while the one for CMA is
617. By considering paths of other agents in the low-level planner,
CMAS can find an optimal solution with even fewer expansions,
which thus enhances the success rates.

Runtime. We further extend the runtime limit to 120 seconds and
analyze the runtime of different algorithms in empty 32 X 32. As
shown in Fig. 10, when the number of agents N > 25, the success
rates of CCBS and CSA are low, while the success rate of CMA
drops rapidly. However, the success rate of CMAS remains above
60%. When the number of agents N = 30, CMAS can find solutions
in 68% of instances within 60 seconds.

SIPP v.s. SIPPS-WC. We compare the average runtime per call of
SIPP in CMA with that of SIPPS-WC in CMAS in empty 32 X 32.
As shown in Table. 1, the runtime of SIPPS-WC increases with the
number of agents. The increase in the number of agents leads to an
increase in the number of soft constraints contained in SIPPS-WC.
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Table 1: Comparison of SIPP with SIPPS-WC in terms of
average runtime per call (ms).

N 10 15 20 25 30
SIPP 0.803 | 0.930 | 0.902 | 0.999 | 1.03
SIPPS-WC | 0.845 | 1.20 1.37 1.62 | 1.95

Multiple child nodes can be generated for the same safe interval (de-
pending on the number of soft constraints involved), thus increasing
the number of nodes to explore. However, due to the consideration
of other agents’ paths, CMAS can find conflict-free solutions faster.

5.2 Comparison with LS-M*

LS-M* [12] is an A*-based MAPF planner and can find an optimal
solution in MAPF-AA. We compare CMAS with it in order to verify
the optimality of CMAS. The experimental setup is the same as
above. We fix the map to random-32-32-20 and the number of agents
is N = 2,4,6,8. And considering that LS-M* needs a long time to
search for an optimal solution, we add an additional experiment to

Table 2: Comparison of CMAS with LS-M* in terms of Success
Rate (SR) and Avg. Run Time (RT) under different Time Limit
(TL). The data are shown in format (CMAS/ LS-M* under
TL = 30s / LS-M* under TL = 120s).

N 2 4 6 8
SR 1.0/1.0/1.0 1.0/0.96/1.0 1.0/0.2/0.4 1.0/0.0/0.0
RT (s) | 0.009/0.895/0.895 | 0.002/1.52/4.44 | 0.082/19.0/49.6 -/-

extend the runtime limit to 120 seconds. As shown in Table. 2, when
the number of agents increases to more than 4, the success rate of
LS-M* begins to decline. When the number of agents reaches 8, the
success rate of LS-M* is 0%. However, CMAS can always maintain
a 100% success rate, and handle more agents than LS-M*. The cost
of the solution found by CMAS is the same as LS-M*, while CMAS
can find the solution in less run time. The results show that CMAS
can find the same optimal solution as LS-M* in a shorter time.

6 CONCLUSION AND FUTURE WORK

This paper focuses on MAPF-AA, and develops a new exact algo-
rithm CBS-AA for MAPF-AA with solution optimality guarantees,
based on the popular CBS framework. CBS-AA introduces new con-
flict resolution techniques for agents with asynchronous actions,
which improves the runtime efficiency of the algorithm. Experi-
mental results demonstrate the advantages of our new approaches
in different settings against several baseline methods.

For future work, one can also consider speed and uncertainty
in MAPF-AA or combine MAPF-AA with target allocation and
sequencing [13, 18].
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