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Abstract—This paper addresses the problem of trajectory plan-
ning for information gathering with a dynamic and resolution-
varying sensor footprint. Ergodic planning offers a principled
framework that balances exploration (visiting all areas) and
exploitation (focusing on high-information regions) by planning
trajectories such that the time spent in a region is proportional
to the amount of information in that region. Existing ergodic
planning often oversimplifies the sensing model by assuming a
point sensor or a footprint with constant shape and resolution.
In practice, the sensor footprint can drastically change over
time as the robot moves, such as aerial robots equipped with
downward-facing cameras, whose field of view depends on the
orientation and altitude. To overcome this limitation, we propose
a new metric that accounts for dynamic sensor footprints, and
propose efficient numerical trajectory optimization algorithms
with computational reuse based on analytical derivation of sensor
footprint models. Experimental results show that the proposed
approach can simultaneously optimize both the trajectories and
sensor footprints, with up to an order of magnitude better
ergodicity than conventional methods. We deploy our approach
on real robots for verification.

Index Terms—Motion and Path Planning, Optimization and
Optimal Control, Ergodic Search

I. INTRODUCTION

This paper investigates a trajectory planning problem for
area search, which arises in applications such as search and
rescue [1] and target localization [2]. Given an information
map and a probability distribution in the area to be searched,
the problem requires planning a trajectory to gather informa-
tion from this information map efficiently. Existing approaches
to solve this problem span a spectrum that ranges from
information-theoretic approaches [3], [4], which greedily move
the robot to the next location with the highest information gain,
to uniform coverage methods [3], [5], which guarantee com-
plete exploration of the entire information map. In the middle
of this spectrum lies the ergodic search [6]–[8], which plans
trajectories by minimizing an ergodic metric so that, along
the planned trajectory, the amount of time spent in a region
is proportional to the amount of information in that region.
Ergodic search provides a framework to inherently balance
between exploration (i.e., covering all possible locations for
new information) and exploitation (i.e., myopically searching
high-information areas) and is thus able to intelligently plan
the robot motion to gather information in the long run.
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Fig. 1. Ergodic trajectory planning with dynamic sensor footprint. (a) shows
our real-robot experiments, where a drone covers an information map under a
motion capture system. The drone is equipped with a downward pointing LED
to visualize the dynamic sensor footprint whose size depends on the flying
height of the robot. With our approach, the robot flies high over regions
with widespread information and flies low over regions with concentrated
information. (b) shows the information map to be covered, and the top-down
view of the trajectory. (c) shows the corresponding height values (z coordinate)
of the robot along the trajectory. The orange shadow on the ground in (a)
shows the time-averaged statistics of the dynamic sensor footprint, which is
similar to the information map to be covered as shown in (b).

Early research on ergodic search simplifies the sensor detec-
tion range (i.e., sensor footprint), which describes the footprint
as either a single point [6], [7], [9] in the workspace or as
constant size geometry such as circles or rectangles [10]. In
practice, the sensor footprint often varies its shape and size as
the robot moves and such variation is coupled with both the
robot states such as position and orientation, and the space
to be covered such as non-flat surface or 3D objects. For
example, consider a drone with a camera whose optical axis
points downward and perpendicular to the ground to collect
information (Fig. 1). The field of view (FOV) forms a cone.
The sensor footprint projected onto the ground is a circle
whose radius changes with the drone’s altitude. Moreover, the
footprint size correlates negatively with the sensor resolution:
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At higher altitudes, the footprint is larger and the resolution is
coarser, which collects rough information over a broad area;
At lower altitudes, the footprint is smaller and the resolution is
finer, which gathers detailed information within small regions.
When the ground is a non-flat surface, sensor footprint ge-
ometry can be more complex, which plagues the trajectory
planning. Ergodic search with varying sensor footprint (or
end-effector footprints) on non-flat surfaces is a rising topic
recently, for the purpose of surface finishing [11], full-body
exploration [12], [13] and 3D object inspection [14], [15],
to name a few. However, these approaches usually simplify
the dependency of footprint geometry, and the corresponding
derivatives, on both robot dynamics and the surface to be
covered, which may then affect and burden the underlying
trajectory optimization.

To capture these dynamic sensing characteristics and their
influence on the trajectory optimization, this paper seeks to
integrate a dynamically changing sensor footprint and resolu-
tion into the ergodic search framework. In particular, we first
focus on 2D non-flat surfaces with bounded curvature (such
as hills) covered by a view cone of a robot flying in SE(3).
These surfaces can often be described by manifolds that are
topologically equivalent to a 2D plane. The major challenge
there is deriving the geometry of the sensor footprint when
the robot flies in SE(3), which leads to oblique views, and
its Jacobian with respect to the robot pose, which is often
necessary for efficient trajectory optimization.

To address the challenges, first, we introduce a new footprint
ergodic metric which computes the time-averaged statistics
of the dynamic sensor footprints and compares it against the
information map to be covered. The proposed footprint ergodic
metric converges to the existing ergodic metric [6] as the
sensor footprint approaches a single point in the limit. Then,
with the proposed footprint ergodic metric, we formulate a cor-
responding ergodic optimal control problem (OCP). Directly
solving this OCP is difficult, since the footprint is a set of in-
finitely many points and the proposed footprint ergodic metric
involves an integration over the set which can be inefficient
to compute. We thus propose a numerical method to compute
it approximately based on a finite number of samples within
the set. As the number of samples increases and approaches
infinity, our numerical approximation converges to the true
footprint ergodic metric. To incorporate more sophisticated
constraints from practice, we leverage both the numerical
footprint ergodic metric and the Augmented Lagrangian within
an iLQR framework to plan the trajectories, and we name this
approach Footprint Ergodic Optimization (FEO).

Our FEO involves two novel ideas. First, we approximate
smooth surface to be covered with local tangent planes at the
intersection points of the sensor optical axis with the surface
as the robot moves, and derive the analytical expression of
the Jacobian of the position of any point within the sensor
footprint on this tangent plane with respect to the robot pose
in SE(3). These analytical expressions give us the insight
that the sensor footprint with respect to the robot position is
inherently linear. Intuitively, it aligns with the fact that, the
sensor footprint grows proportionally larger or smaller as the
robot translates in 3D (e.g. flying lower or higher even with

oblique views). Second, this linearity suggests that, parts of
these Jacobians remain constant during trajectory optimization,
which enables computational reuse across iterations and helps
reduce the runtime of each iteration during the trajectory
optimization. Following this idea, we further look into the
computation and leverage computational reuse to speed up
our FEO. Besides, in FEO, we also propose a log-spaced line
search approach to replace the popular Armijo line search [16]
that is widely used in trajectory optimization, which helps
reduce the number of iterations of optimization.

For verification, we compare our FEO on various flat
and non-flat surfaces in simulation against several baselines,
including conventional ergodic search [6], ergodic search with
fixed Gaussian footprint [10], extension of fixed Gaussian
footprint to meshable surfaces [17], and the recent HEDAC
for complex structures [14] and non-planar surfaces [12], [13].
Our approach often achieves up to more than an order of
magnitude smaller (better) ergodicity due to the consideration
of dynamic sensor footprint, while running fast due to the
proposed computational reuse and log-spaced line search,
which speeds up our FEO by up to 70%. Intuitively, our FEO
allows the drone to intelligently fly further away from the
surface in regions with low-density information, and closer to
the surface in areas with concentrated information. We deploy
our approach with a drone and motion capture in a lab setting
for ergodic search with dynamic sensor footprint.

II. RELATED WORK

A. Ergodic Search

Ergodic search plans trajectories by minimizing the dif-
ference between the robot’s time-averaged statistics and the
workspace’s information distribution. Several approaches have
been proposed to evaluate the difference, including spec-
tral multi-scale coverage using Fourier analysis [6], Kull-
back–Leibler divergence with Gaussian mixture models [18],
kernel ergodic metric for Lie group spaces [19], and maximum
mean discrepancy metric [20]. For trajectory optimization,
gradient-based methods are widely adopted. Some techniques
involve feedback control for dynamic systems [6], receding-
horizon planning [2], and LQR-based optimization [7]. Recent
developments have incorporated additional considerations like
time efficiency [21], multi-objective criteria [22], and inter-
robot connectivity [23].

B. Ergodic Coverage of 3D Targets

Although being generic to the general workspace, most ex-
periments on ergodic search are limited to a 2D workspace [6],
[9]. Recently, some work investigates coverage in 3D
workspaces, including Multi-UAV trajectory planning for com-
plex structures [14] and coverage of non-planar surfaces in
object inspection or surface scanning with robotic arms [13],
[17]. Some of these methods extend the ergodic metric [6]
to handle manifolds, which enables coverage of non-planar
surfaces of a 3D target object [17]. Another approach HEDAC
adopts a diffusion-based strategy, where ergodic trajectories
are generated by solving a heat equation defined over the
domain of interest [12]–[14]. Although general and versatile,
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this approach requires solving PDE repetitively, which can be
computationally expensive [17].

C. Dynamic Sensor Footprints

Information gathering problems were investigated in many
ways, such as sensor coverage for planning [24], [25], sensor
view points in SLAM, target detection and tracking [26], [27].
However, most of them simplify the sensor as a point in the
workspace and ignore the detection range and resolution of the
sensor [28], or as a fixed geometry such as rectangles [29],
or spheres [30] without considering that the sensor detection
range and resolution vary with robot dynamics. Other works
consider varying sensor footprints and focus mainly on uni-
form coverage [31], [32] or environmental monitoring with
different resolutions [33]. Recent research considers varying
footprints or non-flat surfaces in tactile coverage [13], surface
finishing [11], 3D object inspection [14] This paper comple-
ments these research by investigating the geometry of sensor
footprint in 3D, the resulting gradient and Jacobian, and their
use for fast computation for ergodic trajectory optimization.

III. PRELIMINARIES

A. Workspace and Trajectories

Let W = [0, L1]×· · ·×[0, Lν ], ν = 2, 3 denote a bounded ν-
dimensional workspace, which is to be explored by the robot.1

The mobile robot (such as a drone) has an n-dimensional state
space (n ≥ ν), and let x : [0, T ] → Rn denote a trajectory in
the state space with T ∈ R+ representing the time horizon. At
any time t ∈ [0, T ], the state of the robot x(t) must stay within
the set X ⊆ Rn, which is a set of allowed states. Here, X
describes the constraints on the robot’s state, such as avoiding
collision with the static obstacles in the workspace or staying
within the bounded workspace. The robot has deterministic
dynamics given by ẋ(t) = fd(x(t), u(t)), where u(t) ∈ U is
the control input of the robot. Let fq : Rn → W denote a map
that projects a state x(t) to the corresponding point q(t) ∈ W
in the workspace, i.e., q(t) = fq(x(t)).

B. Ergodic Metric

Let ϕ(w) : W → R+
0 denote an information map over the

workspace, which is a time-invariant probability distribution
function with

∫
W−

ϕ(w)dw = 1, describing the information
density at each point in the workspace W . Based on the
trajectory q(t), the time-averaged statistics for the robot is
defined as follows [6].

c(w, x(t)) = c(w, fq(x(t))) =
1

T

∫ T

0

δ(w − q(t))dt (1)

1The workspace in this paper is simply the space of information to be
explored by the robot, as opposed to the space where the robot can move.
In other words, the robot can move in a higher-dimensional space than the
workspace. For example, the robot can be a drone flying in 3D space while
exploring the information in a 2D workspace. The primary focus of this work
are 2D workspace, i.e., 2D information maps. Later in Sec. VI about coverage
of a general 2D manifold embedded in 3D, the underlying information map is
still 2D. We discuss how the proposed techniques can be potentially extended
to cover a truly 3D information map in Sec. VIII.

where δ(w) is the Dirac delta function such that δ(0) = +∞
and δ(w) = 0, w ̸= 0, satisfying

∫
W−

δ(w)dw = 1.
With the information distribution ϕ(w) and the time-

averaged statistics (1), the ergodic metric (ergodicity) is de-
fined as follows [6].

E(ϕ, q(t)) =
∑
k∈K

Λk(ck − ϕk)
2 (2)

=
∑
k∈K

Λk

(
1

T

∫ T

0

Fk(q(t))dt−
∫
W−

ϕ(w)Fk(w)dw

)2

.

Here, ck and ϕk are the Fourier coefficients of c(w) and
ϕ(w), respectively. k = (k1, · · · , kν) ∈ K is the frequency
vector of the Fourier coefficients, and K ⊂ Nν represents
a selected set of frequencies in practical computation. Ad-
ditionally, Fk(w) = 1

hk

∏ν
o=1 cos

koπ
Lo
wo is the cosine basis

function with the normalization term hk [6], [21], [34].
Λk = (1 + ∥ k ∥22)−(ν+1)/2 is the weight of each Fourier
coefficient.

C. Ergodic Trajectory Optimization Problem

Given an information map ϕ, the goal of the Ergodic Tra-
jectory Optimization (ETO) problem is to find a dynamically
feasible trajectory x of the robot that minimizes the ergodic
metric E(ϕ, q) and control effort:

min
x,u

E(ϕ, q) +
∫ T

0

uT (t)Ru(t)dt (3a)

s.t. ẋ = fd(x(t), u) (3b)
x ∈ X , u ∈ U (3c)

where R is a positive definite matrix describing the weight
of the controls. Constraint 3b represents the dynamics of the
robot, and 3c defines the constraints of state and control.

IV. FOOTPRINT ERGODIC METRICS

A. Sensor Footprint and Trajectory

Definition 1 (Sensor Footprint). Let γ(w, x) ⊂ W, w ∈ W
denote the sensor footprint of the robot (over the information
map in the workspace) when the robot state is x, satisfying∫
W γ(w, x)dw = 1 and γ(w, x) > 0,∀w ∈ W .

Intuitively, when the robot state is x, for any point in
the workspace w ∈ W , γ(w, x) returns the “weight of
measurement” at point w, and the weight integrated at all
possible points w ∈ W should be equal to one. In other
words, γ(w, x) can be regarded as a probability distribution
over the workspace W that depends on the parameter x, and
γ(w = w′, x(tk)) is the value of the probability density
function at a specific point w′ ∈ W .

Example 1. Consider a 2D workspace (ν = 2) to be explored
by a flying robot with a downward pointing camera whose
optic axis is always perpendicular to the workspace. The
sensor footprint can be described by a uniform circle, whose
radius depends on the flying height of the robot. Specifically,
for each robot state trajectory x, let fh : Rn → R+ denote a
map that projects a state x(t) to a positive real number h(t)
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Fig. 2. Illustration of sensor footprint and footprint trajectory of a flying
drone with downwards pointing camera over a 2D information map.

representing the height of the robot, i.e., h(t) = fh(x(t)).
Then, the sensor footprint γ(w, x) can be described by the
following uniform distribution within the circle (Fig. 2).

γ(w, x(t)) =

{
1

πk2
hfh(x)

2 if ||w − fq(x)||2 ≤ khfh(x)

0 otherwise
(4)

where kh ∈ R+ is a known constant related to the downward
viewing angle of the robot.2

When the robot moves along a trajectory x(t), t ∈ [0, T ],
the corresponding sensor footprint varies along x(t).

Definition 2 (Footprint Trajectory (FT)). Let γ(w, x(t)) de-
note a sensor footprint trajectory, where for each time point
tk ∈ [0, T ], γ(w, x(tk)) is a sensor footprint.

Fig. 2 provides an illustration of footprint trajectory over
a 2D information map. Since at any time point tk ∈ [0, T ],
γ(w, x(tk)) is a probability distribution over the workspace,
an FT γ(w, x(t)) is actually a random process. We will sample
from this random process to develop a numerical approach for
easy computation as presented later.

B. Footprint Ergodic Metrics and Problems

Similar to the time-averaged statistics of a robot trajectory
c(w, x) as mentioned in Eq. 1, we then introduce the time-
averaged statistics of an FT γ(w, x(t)).

Definition 3 (Time-Averaged Statistics of FT). Let
cγ(w, x(t)), w ∈ W, fq(x(t)) ∈ W denote the time-averaged
statistics of an FT γ(w, x(t)):

cγ(w, x(t)) =
1

T

∫ T

0

γ(w, x(τ))dτ. (5)

2To simplify the presentation, this work assumes the entire footprint is
always inside the workspace, i.e., fq(x) is inside W and is at least kfh(x)
away from the nearest boundary of W . In practice, this can be ensured by
adding constraints on the robot’s state as described by x ∈ X .

Intuitively, Eq. 5 replaces the delta function δ in Eq. 1 with
the footprint trajectory γ. To simplify the notation, we omit t
in x(t) and write cγ(w, x(t)) as cγ(w, x). An ergodic metric
between cγ(w, x(t)) and an information map ϕ can then be
defined in a similar way as in Eq. 2.

Definition 4 (Footprint Ergodic Metric). Let Eγ denote the
Footprint Ergodic Metric:

Eγ(ϕ, x) =
∑
k∈K

Λk(cγ,k − ϕk)
2 (6)

=
∑
k∈K

Λk

(∫
W
cγ(w, x)Fk(w)dw−

∫
W
ϕ(w)Fk(w)dw

)2

.

Here, cγ,k are the Fourier coefficients of cγ(w, x) for k ∈ K.

The following theorem shows the relationship between the
proposed footprint ergodic metric and the conventional ergodic
metric [6]. Let B(γ) denote a bounding sphere of γ = γ(w, x)
such that for any point w′ /∈ B(γ), γ(w′, x) = 0. In
other words, γ can only take non-zero values within B(γ).
Let rB(γ) denote the radius of B(γ). Intuitively, as rB(γ)
approaches zero, since

∫
W γ(w, x)dw = 1, the footprint

γ(w, x) becomes a Dirac delta function at w = q(x).

Theorem 1. As rB(γ) approaches 0:

lim
rB(γ)→0

cγ(w, x(t)) = c(w, x(t)), (7)

lim
rB(γ)→0

Eγ(ϕ, x) = E(ϕ, x). (8)

Problem 1 (ETO-DF Problem). Given an information map ϕ,
the goal of the Ergodic Trajectory Optimization with Dynamic
sensor Footprint (ETO-DF) problem is to find a dynamically
feasible trajectory x of the robot that minimizes the footprint
ergodic metric Eγ(ϕ, x) and the accumulated control effort:

min
x,u

Eγ(ϕ, x) +
∫ T

0

uT (t)Ru(t)dt (9)

s.t. (3b), (3c). (10)

The only difference between ETO-DF and ETO is to replace
the ergodic metric E in the objective function with the footprint
ergodic metric Eγ . All other constraints remain unchanged.
The necessary conditions for local optimality for the ETO-DF
problem can be derived in a similar way as in [6], [8], [21],
[35], which are omitted here.

V. NUMERICAL APPROACH

A. Approximation of Footprint Ergodic Metric

To solve ETO-DF numerically, we use direct transcription to
convert the continuous-time dynamics and constraints into dis-
crete nonlinear optimization, and then employ an optimization
method, such as L-BFGS, to minimize the Lagrange function.
The Lagrange function of ETO-DF can be written as follows,
with Lagrange multipliers λx(t) ∈ Rn:

L(x, u, λx) = Eγ(ϕ, x) +
∫ T

0

[
u⊤(t)Ru(t) (11)

+λ⊤x (t)
(
ẋ(t)− fd(x(t), u(t))

)]
dt,
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where Eγ(ϕ, x) is the footprint ergodic metric of Def. 4.
This approach also allows us to handle additional constraints

as described in the next section on multi-robot. To optimize
the Lagrangian, the gradient of Eq. 11 with respect to the state
x and control u is required:

∂L
∂x

=
∂Eγ(ϕ, x)

∂x
+
∂
∫ T

0
uTRu+ λT (ẋ− f(x, u))dt

∂x
. (12)

The first term ∂Eγ(ϕ,x)
∂x requires an integration over the sensor

footprint to compute Eγ and then taking the derivative of
the integrated value with respect to x, which is complicated
especially when the sensor footprint γ(w, x) corresponds to
a complex probability distribution. We therefore propose an
alternative way to numerically compute the footprint ergodic
metric Eγ approximately.

Let Ws = {w1(t), w2(t), · · · , wM (t)} denote a set of M
trajectories in the workspace W that are realizations of the
random process γ(w, x(t)). Concretely, for any time point tk ∈
[0, T ], for each realization wm ∈ Ws, wm(tk) is a sampled
point from the corresponding random variable γ(w, x(tk))
(Fig. 3(c)). Here, each sampled trajectory is continuous with
respect to time. Note that, an area with a higher probability
value γ(w, x(tk)) tends to have more samples wm(tk). Then,
a footprint trajectory (FT) in Def. 3 can be approximated by
the following Approximated FT (A-FT):

γ′(w, x(t)) =

∑M
m=1 δ(w − wm(x(t)))

M
. (13)

The time-average statistics of FT in Def. 3 can be approx-
imated with the help of A-FT:

c′γ(w, x(t)) =
1

T

∫ T

0

γ′(w, x(τ))dτ

=
1

TM

∫ T

0

M∑
m=1

δ(w − wm(x(τ)))dτ (14)

whose corresponding Fourier coefficients are:

c′γ,k =
1

TM

∫ T

0

M∑
m=1

Fk(wm(x(τ)))dτ,k ∈ K. (15)

The footprint ergodic metric (Def. 4) can be approximated by:

E ′
γ(ϕ, x) =

∑
k∈K

Λk

(
c′γ,k − ϕk

)2
. (16)

Then, the term ∂Eγ(ϕ,x)
∂x required in Eq. 12 can be approxi-

mated by
∂E′

γ(ϕ,x)

∂x , whose gradient can be derived as follows.

∂E ′
γ(ϕ, x)

∂x
= 2

∑
k∈K

Λk(c
′
γ,k − ϕk)

∂c′γ,k
∂x

=
2

TM

∑
k∈K

Λk(c
′
γ,k − ϕk)

∫ T

0

M∑
m=1

∂Fk(wm(x(τ)))

∂x
dτ

=
2

TM

∑
k∈K

Λk(c
′
γ,k − ϕk) (17)

∫ T

0

M∑
m=1

∇wFk(wm(x(τ)))⊤
∂wm(x(τ))

∂x
dτ

Fig. 3. Sampled trajectory wm(x(t)) within the sensor footprint. (a)
Robot trajectory x(t) at three time instances with corresponding footprints
γ(w, x(t)) projected onto the workspace. (b) Top-down view of the footprint
trajectory. (c) Sampling geometry: directional vector sm from projected
position fq(x) to sampled point wm, scaled by khfh(x).

where ∂wm(x(τ))/∂x is the jacobian of the sampled trajectory
wm(x) (from the sensor footprint) with respect to the robot
state x, and ∇wFk is the gradient of the cosine basis function.
Specifically, we use subscript j to denote the j-th component
of ∇wFk(w):[

∇wFk(w)
]
j
=
∂Fk(w)

∂wj

= − 1

hk

kjπ

Lj
sin
(kjπ
Lj

wj

)∏
o ̸=j

cos
(koπ
Lo

wo

)
, j = 1, . . . , ν.

B. Properties of the Gradients

While the gradient
∂E′

γ(ϕ,x)

∂x can be evaluated using Eq. 17
in each iteration of the trajectory optimization, we find a more
efficient way to compute Eq. 17 by exploiting the linearity in
the last term ∂wm(x(τ))

∂x in Eq. 17, which reduces the runtime
complexity. We re-explained this linearity at the end of this
section in Remark 1.

Each sampled trajectory wm(t) in the sensor footprint can
be represented by:

wm(x(t)) = fq(x(t)) + khfh(x(t)) sm,m = 1, 2, · · · ,M
(18)

where fq(x(t)) is the projected position of the robot in the
workspace at time t as described in Sec. III fh(x(t)) is the
altitude of the robot at time t as in described in Sec. IV-A, and
sm = (sm,x, sm,y) ∈ R2 is the directional (column) vector that
points from the robot position to the position of the sampled
point when the robot’s altitude is one unit (Fig. 3). Note that,
when a deterministic sampling is used, as we do in this work,
the vector sm is a constant vector over time, and the distance
between the robot position fq(x(t)) and the sampled trajectory
point (at time t) wm(x(t)) is equal to vector sm scaled by the
altitude of the robot khfh(x(t)) (Fig. 3).

As a result, the last term ∂wm(x(τ))
∂x in Eq. 17 has the

following form

∂wm(x)

∂x
=
∂fq(x)

∂x
+ kh sm

(∂fh(x)
∂x

)
. (19)
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Note that the map fq(x) extracts the 2D position vector of the
robot from the robot state x. In practice, the position vector
of a mobile robot are usually the first two components of the
robot state x. As a result, the first term ∂fq(x)

∂x ∈ R2×n in
Eq. 19 has the following form

∂fq(x)

∂x
=

(
1 0 · · · 0
0 1 · · · 0

)
, (20)

which is a constant matrix.
Similarly, the map fh(x) extracts the altitude, which is for

example the third component of the robot state x, and the term
∂fh(x)

∂x ∈ R1×n in Eq. 19 has the following form

∂fh(x)

∂x
=
(
0 0 1 0 · · · 0

)
, (21)

which is a constant row vector. As a result, the second term
in Eq. 19 is:

kh sm

(∂fh(x)
∂x

)
=

(
0 0 khsm,x 0 · · · 0
0 0 khsm,y 0 · · · 0

)
. (22)

Eq. 19 can be written as:

∂wm(x)

∂x
=

(
1 0 khsm,x 0 · · · 0
0 1 khsm,y 0 · · · 0

)
, (23)

which depends purely on sm.
The set of all sm,m = 1, 2 · · · ,M can be pre-computed,

and as a result, the gradient term ∂wm(x)
∂x can be pre-computed

and reused in all iterations during the trajectory optimization.

Example 2 (Uniform Sampling in the Euclidean Space).
Let sm = (sm,x, sm,y) = (kx∆, ky∆), where ∆ is a
user-specified sampling step sizes along the x, y axes, with
kx, ky ∈ Z, kx, ky ∈ [−1

∆ , 1
∆ ] being the indices of the samples.

Substituting this expression into Eq. 23 yields

∂wm(x)

∂x
=

(
1 0 kh kx∆ 0 · · · 0
0 1 kh ky∆ 0 · · · 0

)
. (24)

Example 3 (Uniform Sampling in the Polar Coordinates).
Consider a polar grid inside the unit disk with d1 radial
levels and d2 angular samples, and let M = d1d2. For indices
i ∈ {1, . . . , d1} and j ∈ {0, . . . , d2 − 1}, define

ri =
i

d1
, θj =

2πj

d2
, (25)

and set the corresponding samples as

sm = (sm,x, sm,y)
⊤ =

(
ri cos θj , ri sin θj

)⊤
. (26)

Substituting this expression into Eq. 23 yields

∂wm(x)

∂x
=

(
1 0 kh ri cos θj 0 · · · 0
0 1 kh ri sin θj 0 · · · 0

)
. (27)

Note that this sampling in polar coordinates corresponds to a
non-uniform circular sensor footprint with more weights near
the center and with less weights near the boundary, as opposed
to the uniform circular sensor footprint as in Example 1.

Remark 1. The derivative ∂wm(x(τ))
∂x is constant, which is

caused by the fact that the sampled point wm(x(t)) at any time
point t is a linear function with respect to x(t) (Eq. 19). Intu-
itively, if the robot flies higher (or lower), the sampled point

wm(x(t)) moves further away from (or closer to) the center
of the sensor footprint proportionally, and if the robot moves
along the X,Y-axes horizontally, the sampled point wm(x(t))
moves along the X,Y-axes horizontally correspondingly.

C. Augmented Lagrangian and iLQR

This section presents our FEO, which is based on Aug-
mented Lagrangian and iLQR numerical optimization ap-
proach (Alg. 1) to solve the ETO-DF problem. FEO leverages
that ∂wm

∂x is a constant and can be pre-computed and re-used
during the iLQR iterations to save computational burden.

1) Discrete Problem Formulation: Let x0:N , u0:N−1 denote
the discretized state and control trajectories and let xk+1 =
fd(xk, uk) denote the discrete dynamics of the system. The
approximated footprint ergodic metric can be rewritten as:

E ′
γ(ϕ, x0:N ) =

∑
k∈K

Λk

(
c′γ,k(x0:N )− ϕk

)2
. (28)

The ETO-DF problem can be rewritten into discrete version
as follows.

Problem 2 (ETO-DF via iLQR Problem). Based on the
approximate footprint ergodic metric E ′

γ , we formulate the
following discrete-time optimal control problem:

min
x0:N , u0:N−1

E ′
γ(ϕ, x0:N ) +

N−1∑
k=0

u⊤k Ruk (29)

s.t. xk+1 = fd(xk, uk), k = 0, . . . , N − 1 (30)
xk ∈ X , uk ∈ U (31)

2) Augmented Lagrangian and Gradients: To solve this
problem, we incorporate these constraints via an augmented
Lagrangian LAL of the form

LAL(x0:N , u0:N−1,µ, r) = E ′
γ(ϕ, x0:N ) +

N−1∑
k=0

u⊤k Ruk

+Ψ(g(x0:N , u0:N−1);µ, r), (32)

where g(x0:N , u0:N−1) represents the aggregate constraint
violation, µ denotes the vector of Lagrange multipliers (dual
variables), r > 0 is the penalty parameter, and Ψ(·) is the
augmented penalty term defined as:

Ψ(g;µ, r) =
1

2r

m∑
i=1

[
max(0, µi + rgi)

2 − µ2
i

]
. (33)

Unlike indirect methods (Eq. 11) where co-state variables en-
force equality dynamics constraints in the Lagrangian, we use
direct transcription: dynamics are satisfied explicitly through
forward integration. The LAL handles only the inequality
constraints via the penalty term Ψ(·;µ, r). The gradient of
LAL with respect to each state and control sample (xk, uk)
can be written as

∇xk
LAL = ∇xk

E ′
γ(ϕ, x0:N ) +∇xk

Ψ (34)

∇uk
LAL = 2Ruk +∇uk

Ψ (35)

where ∇xk
E ′
γ is obtained from the sampling-based expression

in Eq. 17.
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Algorithm 1 FEO
Require: Initial guess x0, u0:N−1, penalty r, multipliers µ
Ensure: Optimized x∗

0:N , u∗
0:N−1

// Precompute constant Jacobians (reused across all iterations)
1: Precompute {∂wm/∂x}Mm=1 via Eq. 23
2: while not converged do
3: for i = 1 to Ninner do
4: Forward rollout: compute x0:N from u0:N−1

5: Linearize dynamics: Ak, Bk at each (xk, uk)
// Gradient computation reuses {∂wm/∂x} from Line 1

6: Compute qk ← ∇xkLAL, rk ← ∇ukLAL

7: Backward pass: compute Kk, dk via Riccati recursion
8: Forward pass: δuk ← Kkδxk + dk, ∀k
9: α∗ ← LINESEARCH(u, δu,LAL)

10: uk ← clip(uk + α∗δuk, umin, umax), ∀k
11: Update µ or increase r based on constraint satisfaction
12: return x∗

0:N , u∗
0:N−1

3) FEO Summary: Our FEO (Alg. 1) is similar to the
regular iLQR [7], [35], [36], which employs a double-loop
structure. The inner loop (Lines 3–10) performs iLQR up-
dates: given the current trajectory, we linearize dynamics and
compute the augmented Lagrangian gradients (qk, rk). The
backward Riccati recursion computes Pk (quadratic cost-to-
go) and rk (linear term), followed by a forward pass that
yields the descent direction {δuk}. The outer loop (Lines
11–12) updates dual multipliers µ when sufficient decrease
is achieved, or increases penalty r otherwise.

A computational advantage of Alg. 1 is that the terms
{∂wm

∂x } are precomputed at the beginning (Line 1), and are
reused when computing ∇xk

E ′
γ in Eq. 34 (Line 6), which

speeds up the algorithm. We can do so because {∂wm

∂x }
depends only on the fixed sample set rather than the evolving
trajectory as aforementioned.

4) Accelerated Log-Spaced Line Search: At each FEO
iteration (Section V-C), the backward pass yields a descent
direction ∆u0:N−1 := {∆uk}N−1

k=0 for the current control
sequence u0:N−1 := {uk}N−1

k=0 . For a scalar step size α > 0,
we form the candidate update

uk(α) = ΠU (uk + α∆uk) (36)

where U is the admissible control set and ΠU means the
projection onto the this control set. The corresponding state
trajectory x0:N (α) is obtained via a forward rollout.

To select the best step size α, a line search LINESEARCH is
needed in each iteration of FEO, which selects α by minimiz-
ing the augmented-Lagrangian merit LAL defined in Eq. 32,
evaluated on the rolled-out trajectories

(
x0:N (α),u0:N−1(α)

)
.

In this LINESEARCH, multiple candidate values of α are
evaluated, each requiring a rollout and recomputation of (i)
the sampling-based footprint ergodic objective and (ii) the
inequality penalties, making step-size selection expensive if
many α are tried.

Classical Armijo backtracking line search accepts the first
step size α satisfying the condition L(α) ≤ L(0)−cα∇L⊤∆u
during the iterative updates of α [7], [16], [35].3 If no

3For example, in the i-th iteration, αi = α0βi, we use β = 0.5 in our
implementation.

Algorithm 2 LINESEARCH: Accelerated Log-Spaced Search
Require: current u0:N−1, direction ∆u0:N−1, (µ, r),

(α0, αmin, Nα)
1: Construct candidate set A using 37
2: for all α ∈ A do
3: u0:N−1(α)← ΠU (u0:N−1 + α∆u0:N−1)
4: Roll out x0:N (α)
5: J(α)← LAL(x0:N (α),u0:N−1(α),µ, r) using 32
6: α⋆ ← argminα∈A J(α)
7: if J(α⋆) ≤ J(0) then
8: return u0:N−1(α

⋆)
9: else

10: return u0:N−1

candidate yields improvement, a predefined smallest step size
is used. Such a process can be inefficient when each merit
evaluation requires costly computation.

In Alg. 1, instead of iterative backtracking, we speed up
this LINESEARCH by evaluating a fixed set A = {αi}Nα−1

i=0

of Nα log-spaced step sizes between α0 and αmin, where

αi = α0

(
αmin

α0

) i
Nα−1

. (37)

The best α∗ in this set is then selected

α⋆ = argmin
α∈A

LAL(x0:N (α),u0:N−1(α),µ, r) . (38)

We accept this α∗ if it decreases the current cost LAL.
Otherwise, we keep the current controls unchanged. This
strategy offers two advantages: (i) the fixed evaluation count
enables parallelization, and (ii) selecting the best rather than
the first acceptable step often yields larger cost reductions per
iteration. Experimental results show that this log-spaced line
search speeds up the computation obviously as detailed later.

VI. EXTENSIONS

While the previous sections assume the robot’s FOV is
represented by a view cone whose optical axis is always
perpendicular to the flat 2D ground, this section allows the
robot to fly in SE(3), and the sensor footprint can be projected
onto a general surface that is non-flat. Correspondingly, the
view cone may not be perpendicular to the ground and can be
oriented in any direction.

For presentation purposes, we begin with the case that the
information map remains a flat 2D plane (Fig. 5) while the
robot flies in SE(3). At the end of the section, we present
how to generalize the proposed approach to surfaces in 3D by
approximating the surface with local tangent planes computed
by local Taylor expansions. When the information map is a
2D flat ground, the local tangent plane at any point is always
the same as the information map.

Assumption 1. The derivation in this section assumes that
the surface to be covered is smooth, has bounded curvature,
and is topologically equivalent to a 2D plane.

The purpose of having this assumption is that the surface
can then be represented by a single flat information map with
little distortion, and that the sensor does not view the surface
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at near-grazing incidence. The error introduced by the tangent-
plane approximation, as we will introduce soon, is bounded
as analyzed in Sec. VI-G.

We derive both the resulting footprint on the local tangent
plane at the point where the optical axis intersects the surface
and the Jacobians required for gradient-based trajectory opti-
mization. In contrast to the 2D case in the previous section,
here, only part of the gradient ∂wm(x)

∂x remains constant
in 3D, while the remaining terms become pose-dependent.
Computational reuse is still possible for those constant parts
within our FEO framework.

For complex surfaces that violate this assumption, such as
closed surfaces that are topologically different from a plane,
we briefly discuss how to adapt our approach and showcase
its use in Sec. VII-F in the experimental results, as it is not
the focus of our approach.

A. Overview

We begin with an overview of our approach for general
surfaces (Fig. 4). Let S denote a 2D manifold embedded in
3D, and let X denote the full pose state of the robot including
both position and orientation. Let a denote a ray corresponding
to the optical axis of the FOV cone of the robot sensor, and let
p0 denote the first intersection point of this optical axis with
the surface S. Let T denote the tangent plane of S at point p0.
Within the FOV cone, a set of rays are sampled (indexed by
m = 1, 2, · · · ,M ) and the m-th ray has an intersection point
qm ∈ T , which we referred to as a footprint point. This work
always uses local tangent planes to approximate the surface
during the motion of the robot, correspondingly, the footprint
point on the tangent plane is also regarded as approximately
located on the surface qm ∈ S.

Besides, let ΠW : S → W denote a map from any point on
the surface to the underlying information map ϕ embedded in
the workspace W . In other words, any footprint point qm ∈ S
on the surface can be mapped to a workspace point on the
information map wm = ΠW(qm). The associated Jacobian is
JW(qm) = ∂ΠW(qm)

∂qm
By the chain rule, the Jacobian of a

footprint sample with respect to the robot state x is

∂wm(x)

∂x
= JW(qm)

∂qm

∂X
∂X
∂x

. (39)

The rest of this section details these concepts, derives the
analytical form of the terms in Eq. 39, and show how the
derived results are leveraged in our FEO framework.

B. 2D Manifold, View Cone and Tangent Planes

1) 2D Manifold and Tangent Planes: We represent the 2D
surfaces to be covered implicitly as a manifold S = {x ∈
R3 | f(x) = 0}, where f : R3 → R is a smooth function
with ∇f ̸= 0 on S. Let p0 denote the intersection point of
the optical axis and the surface:

Definition 5 (Intersection Point). The intersection point is the
first intersection of the optical axis with the surface:

p0 = p+ l0a, l0 = min
l>0

{l | f(p+ la) = 0} . (40)

Fig. 4. Illustration of concepts and maps. The surface S (a 2D manifold)
is locally approximated by the tangent plane T at the intersection point of
the sensor optical axis a and the surface S. Within the FOV cone, a set of
sampled footprint points qm ∈ T are computed. The workspace mapping
ΠW maps any footprint point qm to a point wm ∈ W on the information
map ϕ, where the information density ϕ(wm) can be evaluated. Note that
although the terrain to be covered by the robot is a 2D manifold which is
non-flat, the underlying information map is still 2D and can be represented
by a 2D flat information map due to the map ΠW .

Then, the local tangent plane at point p0 is:

Definition 6 (Tangent Plane). Let the outward unit normal at
p0 be

n =
∇f(p0)

∥∇f(p0)∥
. (41)

The tangent plane at p0 is

T =
{
x ∈ R3 | n⊤(x− p0) = 0

}
. (42)

2) View Cone: When the robot position is at point p in the
world frame, the Robot’s FOV is described by a view cone.

Definition 7 (View Cone). Let a ∈ S2 denote the unit vector
along the optical axis, and θc ∈ (0, π/2) denote the cone’s
half-angle. The rays within the cone that point outwards are

D(θc) =
{
d ∈ S2 | d⊤a ≥ cos θc

}
. (43)

The view cone emanating from the robot position p ∈ R3 is
then defined as

C =
{
r ∈ R3 | ∃ l > 0, ∃d ∈ D(θc) : r = p+ ld

}
. (44)
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Fig. 5. Geometric setup for the 3D footprint model. The view cone with half-
angle θc originates from the robot position p with optical axis a, intersecting
the terrain at the contact point p0. The local tangent frame LT = {u,v,n}
is an orthonormal basis with origin at p0, where n is the surface normal, u
points toward the projected robot position p⊥, and v = n × u points out
of the plane of the figure. The incidence angle θinc is the angle between the
optical axis and the surface normal.

3) Local Tangent Frame: The intersection point p0 is
the intersection of the optical axis of the sensor with the
ground (information map). The point p0 is the “center” of
the sensor footprint on the local tangent plane (Fig. 5). In the
perpendicular case considered in Sec. IV-A, p0 is same as the
projected position fq(x).

Let n denote the normal vector of the local tangent plane.

Definition 8 (Local Tangent Frame). To construct a local
coordinate frame on the tangent plane T , we first project the
robot position onto the tangent plane:

p⊥ = p−
(
n⊤(p− p0)

)
n. (45)

We then define the local tangent frame LT = {u,v,n} as an
orthonormal basis with origin at p0:

u =
p⊥ − p0

∥p⊥ − p0∥
, v = n×u, n =

∇f(p0)

∥∇f(p0)∥
. (46)

Note that when the optical axis is perpendicular to the
tangent plane, the projection satisfies p⊥ = p0, resulting
in an undefined frame LT . This special case corresponds to
the circular footprint model that is already discussed in the
previous Sec. IV-A. The subsequent derivations assume the
non-perpendicular case (∥p⊥ − p0∥ > 0).

These basis vectors {u,v,n} form a rotation matrix RT =
[u,v,n] ∈ SO(3) that describes the orientation of this local
tangent frame with respect to the world frame. Together
with the origin p0, the pair (RT ,p0) ∈ SE(3) defines the
transformation of the local tangent frame with respect to the
world frame. Besides, a 3D point q ∈ R3 on the tangent
plane represented in the world frame can be transformed into
its coordinates (u, v) on the tangent plane with respect to the
local tangent frame via a projection matrix

PT =

[
u⊤

v⊤

]
∈ R2×3,

(
u
v

)
= PT (q− p0). (47)

In other words, the matrix PT extracts the local coordinates
of a 3D point on the tangent plane.

Definition 9 (Geometric Parameters). We define the following
geometric quantities to help the derivation later: the height h,
the horizontal offset ρ, and the incidence angle θinc:

h = n⊤(p−p0), ρ = ∥p⊥−p0∥, θinc = arctan
(ρ
h

)
. (48)

These quantities satisfy p−p0 = ρu+hn and ρ = h tan θinc.

If p0 = p+ l0a with l0 > 0 and n points outward from the
surface, then the incidence angle satisfies

cos θinc = −n⊤a, sin θinc =
√

1− (n⊤a)2. (49)

Intuitively, h is the height of the robot above the tangent plane,
ρ is the horizontal offset from p0 to the robot’s projection p⊥,
and θinc measures the incidence angle between the optical
axis and the surface normal (Fig. 5). Larger values of θinc
correspond to more oblique viewing angles, and when θinc =
0, the optical axis is perpendicular to the tangent plane.

C. Sensor Footprint Geometry for Oblique Views

We now investigate the geometry of the sensor footprint on
the tangent plane.

Definition 10 (Local Sensor Frame). As aforementioned,
assuming sin θinc = ∥a× n∥ > 0 (i.e., the non-perpendicular
case), we define a local frame attached to the sensor by
orthonormal vectors LS = {a, e1, e2}, where

e2 = − a× n

∥a× n∥
, e1 = e2 × a. (50)

When expanded in the local tangent frame basis {u,v,n},
these vectors take the form

a = − sin θinc u− cos θinc n,

e1 = cos θinc u− sin θinc n,

e2 = −v.

(51)

We refer to this frame LS as the local sensor frame.

Within the local sensor frame LS , any ray within the cone
can be described by two angles (β, φ) with respect to the
optical axis: For any angle β ∈ [0, θc] from the optical axis and
azimuth φ ∈ [0, 2π), the corresponding ray direction within
the cone can be represented in the world frame as:

d(β, φ) = cosβ a+ sinβ cosφ e1 + sinβ sinφ e2. (52)

Define an auxiliary variable D(β, φ) as

D(β, φ) = cos θinc cosβ + sin θinc sinβ cosφ. (53)

Note that D(β, φ) = −n⊤d(β, φ), which means:
• D < 0: the ray points away from the tangent plane;
• D = 0: the ray is parallel to the tangent plane;
• D > 0: the ray points towards the tangent plane.

We only need to consider D > 0 in this paper, which is guar-
anteed for all rays within the view cone when θinc+θc < π/2.



IEEE TRANSACTIONS ON ROBOTICS 10

Definition 11 (Sensor Footprint Geometry). For any ray
(β, φ) within the view cone, let

q(β, φ) = p+ l∗(β, φ)d(β, φ) (54)

denote the corresponding footprint point, i.e., the intersection
of the ray with the tangent plane T expressed in the world
frame, where

l∗(β, φ) =
h

D(β, φ)
. (55)

The footprint boundary can be obtained by setting β = θc and
varying φ ∈ [0, 2π).

As a special case, when θinc = 0 (i.e., the optical axis is
perpendicular to the tangent plane T ), we have D(β, φ) =
cosβ, and the footprint point q(β, φ) reduces to a circular
footprint centered at p0 with radius h tan θc as aforementioned
in Sec. IV-A.

The footprint geometry in Def. 11 provides a way to
describe the sensor footprint distribution γ(w, x) (Sec. IV-A):
Given a point w ∈ W on the tangent plane, the value γ(w, x)
can be computed by checking whether w lies within the
boundary of the footprint on the tangent plane.

D. Pose Jacobians

To incorporate the derivation into gradient-based trajectory
optimization, we need to compute the gradient of the La-
grangian with respect to the robot state, as shown in Eq. (12).
In particular, the term

∂E′
γ(ϕ,x)

∂x in Eq. (17) requires the
Jacobian ∂wm(x)

∂x for each sampled point within the footprint.
We derive the Jacobians of these sampled points with respect
to the robot pose, and examine whether these Jacobians can be
reused across optimization iterations. We derive the Jacobians
by fixing the local tangent frame at each time instant; that is,
we treat p0 and n as constants in the derivation.

Definition 12 (Robot Pose State). Let X = [p⊤,Θ⊤]⊤ ∈ R6

denote the full pose state, where p ∈ R3 is the position and
Θ = [ϕr, θp, ψy]

⊤ are the roll, pitch, and yaw Euler angles,
respectively.

Note that the pose state X is a subvector of the full robot
state x, and its Jacobian with respect to x, ∂X

∂x is therefore a
constant matrix that selects the corresponding entries from x.

To simplify the derivation, we set the optical axis a to align
with the x-axis of the local sensor frame LS .4 Note that, the
direction of the optical axis in the world frame is determined
by pitch and yaw only. In other words, the roll angle does not
affect the orientation and shape of the view cone.

For the rest of this section, we list the key results to show
the idea, and provide the detailed proofs in Appendix.

Lemma 1 (Position Jacobian). For any ray (β, φ) with
D(β, φ) > 0, let q(β, φ) = p+ l∗d denote the corresponding
footprint point, i.e., the point where the ray intersects with the

4If not, one can re-define the local sensor frame so that they align.

tangent plane, represented in the world frame. The Jacobian
of q with respect to the robot position p is

Jp(β, φ) =
∂q

∂p
= I3 +

1

D(β, φ)
d(β, φ)n⊤ ∈ R3×3. (56)

Remark 2. This lemma indicates that, for a fixed tangent
plane (i.e., both (β, φ) and n are constant), the position
Jacobian Jp is then a constant matrix which suggests the
linearity between the sensor footprint and the robot position:
when the robot translates, the footprint size grows larger or
smaller proportionally with respect to the translation. Note
that, this fixed tangent can have any orientation and does not
have to be horizontal. When the tangent plane varies, (i.e.,
(β, φ) and n are varying), the position Jacobian Jp is no
more a constant matrix: the first term I3 remains constant
while the second term 1

D(β,φ) d(β, φ)n
⊤ ∈ R3×3 depends on

the orientation of the tangent plane. In practice, to compute
Jp, we only need to evaluate the second term there.

For the orientation component, we first derive the Jacobian
of q with respect to the optical axis a, then relate a to the Euler
angles Θ via the chain rule. Derivation is in the Appendix.

Lemma 2 (Orientation Jacobian). For any ray (β, φ) with
D(β, φ) > 0, the Jacobian of the footprint point q with respect
to the optical axis of the robot is

Ja(β, φ) =
∂q

∂a
=

h

D

∂d

∂a
− h

D2
d

(
∂D

∂a

)⊤

∈ R3×3, (57)

where
∂d

∂a
= cosβ I3 + sinβ cosφ

∂e1
∂a

+ sinβ sinφ
∂e2
∂a

, (58)

∂D

∂a
=

− sin θinc cosβ + cos θinc sinβ cosφ

sin θinc
n. (59)

To relate the optical axis a to the robot’s orientation, we
introduce the Jacobian Ja/Θ = ∂a

∂Θ , which we refer to as the
axis-to-Euler Jacobian.

Lemma 3 (Axis-to-Euler Jacobian). The optical axis in the
world frame is

a =

cos θp cosψy

cos θp sinψy

− sin θp

 (60)

and Ja/Θ is

Ja/Θ =
∂a

∂Θ
=

0 − sin θp cosψy − cos θp sinψy

0 − sin θp sinψy cos θp cosψy

0 − cos θp 0

 .
(61)

Combining the position Jacobian (Lemma 1) and the orien-
tation Jacobian (Lemmas 2–3), we obtain the Jacobian with
respect to the full pose.

Lemma 4 (Full Pose Jacobian). For a ray (β, φ), the Jacobian
of a footprint point q with respect to the full pose state X is

∂q

∂X =
[
Jp(β, φ) Ja(β, φ)Ja/Θ

]
∈ R3×6 (62)

.
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The above Jacobians describe how a footprint point moves
with respect to the robot pose.

E. Extract Information

We now discuss the map ΠW that maps from any point on
the tangent plane to the underlying information map ϕ em-
bedded in the workspace W . Depending on the representation
of the information map, ΠW takes different forms. This work
considers the following two cases.

1) Case I: The information map ϕ aligns with the manifold
S: When the information distribution is defined over on the
2D manifold S, the map ΠW is an identity map and the point
on the information map is same as the point on the manifold
wm = qm. Correspondingly, JW is an identity matrix:

JW =

1 0 0
0 1 0
0 0 1

 . (63)

In practice, the information map on a manifold can be repre-
sented in different ways, such as using a mesh [17]. This work
uses a point cloud to represent the information map, which
samples a finite number of points WS from the manifold and
assigns each point ws ∈ WS a probability value while ensuring
that all these values sum to one. When computing ϕ(w) for any
point w ∈ W, we find the nearest sampled point in ws ∈ WS

and use the value ϕ(ws) for ϕ(w).
2) Case II: The information map ϕ is defined over a flat

2D plane.: When the surface S is relatively simple, the infor-
mation map related to S can be possibly described by a 2D
flat information map. In this case, ΠW projects each sampled
footprint point qm to a point wm on the 2D information
map. Correspondingly, JW is a constant matrix that describes
the projection. For instance, when ϕ is defined over the xy
flat plane, the map ΠW extracts the (x, y) components from
qm ∈ R3, and

JW =

[
1 0 0
0 1 0

]
. (64)

F. Jacobians and Computational Reuse

Now we have all we need to obtain the analytical form
of the Jacobian in Eq. 39, which is stated in the following
theorem.

Theorem 2 (Footprint Point Jacobian). For each sampled foot-
print point qm with parameters (βm, φm) defined in Definition
11, as overviewed in Sec. VI-A, the Jacobian of a footprint
point with respect to the robot state x is:

∂wm(x)

∂x
= JW(qm)

∂qm

∂X
∂X
∂x

, (65)

where JW(qm) is presented in Sec. VI-E, ∂qm

∂X is the full
pose Jacobian as derived in Lemma 4, and ∂X

∂x is a matrix in
R6×n that extracts the corresponding position and orientation
components from the robot state vector x.

While the entire Jacobian in Theorem 2 is pose-dependent,
some components in its computation can be reused. This

Fig. 6. Geometry of the local tangent-plane approximation error. The robot
at p views the surface S along its optical axis, which reaches the contact
point p0 at distance l0; the view cone (dashed) has half-angle θc. T is the
tangent plane of S at p0, n its outward normal, and θinc the incidence
angle between the optical axis and n. p⊥ is the projection of p onto T and
h = l0 cos θinc the height of p above it. The footprint radius rf is the largest
in-plane distance of a footprint point from p0, and ε is the deviation of T
from S at that point, bounded by ε ≤ 1

2
κmaxr2f (Theorem 3). This figure

helps illustrate the derivation of approximation errors.

computational saving arises in several parts. First, as dis-
cussed in Remark 2, the evaluation of Jp(β, φ) requires
only computing the second term that is pose dependent.
Second, the matrices Ja/Θ and ∂X

∂x do not depend on
the footprint index m. They are therefore computed once
(Line 1 in Alg. 1) and reused for all sampled footprint
points during gradient computation (Line 6). Third, for any
sampled ray with parameters {(βm, φm)}Mm=1, these pa-
rameters are fixed, and the associated trigonometric terms
{cosβm, sinβm cosφm, sinβm sinφm} remain constant dur-
ing optimization, which can be computed once and reused.
Finally, in both cases described in Sec. VI-E, the Jacobian
JW reduces to a constant matrix, which can be computed once
(Line 1 in Alg. 1) and reused across all iterations.

Remark 3. The Jacobians become singular when D(β, φ) →
0, i.e., when a sampled ray d(β, φ) becomes parallel to the
tangent plane (n⊤d → 0). This singularity can be avoided
by skipping this sampled ray since it is parallel to and has
no intersection point with the tangent plane. In addition, the
orientation Jacobian Eq. 57 contains the factor 1/ sin θinc
and therefore becomes singular when sin θinc → 0, i.e., when
the optical axis a is perpendicular to the tangent plane. As
aforementioned, this case degenerates to the simpler case
presented in Sec. V.

G. Local Tangent Plane Approximation Errors
Under the Assumption 1, we bound the resulting approxi-

mation error and its effect on the footprint ergodic metric Eγ .

1) Geometric Error: As illustrated in Fig. 6, consider an
optical axis of the sensor intersecting a surface S at point
p0 with T denoting the local tangent plane at p0. Let κmax

denote the largest absolute value of the principal curvatures of
S within the FOV, which is finite due to Assumption 1.
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For any footprint point p within the FOV in the local tangent
plane, let q denote the corresponding point on the surface and
let r denote the in-plane distance of that footprint point p from
p0. Based on differential geometry, with a second-order Taylor
expansion of the surface S at p0, the distance ε(r) of q from
the point p in the tangent plane T is bounded by

ε(r) ≤ 1
2 κmax r

2 +O(r3). (66)

Theorem 3 (Approximation error). Let rf be the footprint
radius, i.e., the largest r within the FOV. Under Assumption 1,
every footprint point on T deviates from S by at most

ε ≤ 1
2 κmax r

2
f , (67)

rf = l0 sin θc/ cos(θinc + θc). (68)

Proof. Note that, rf is finite for θinc+θc < π/2. Ignoring the
higher-order term in (66), ε(r) ≤ 1

2κmaxr
2, so it suffices to

bound r by the footprint radius rf . Let p⊥ be the projection
of p onto T (Def. 8), at height h = n⊤(p−p0) = l0 cos θinc.
The distance between p⊥ and p0 is ρ = h tan θinc. Following
the frame defined in Def. 10, in the plane containing a and
n, the angle between the outermost cone ray (β = θc, φ = π)
and the line between p and p⊥ is θinc + θc with D(θc, π) =
cos(θinc + θc) by (53). The outermost cone ray meets T at a
distance of h tan(θinc + θc) from p⊥. With h = l0 cos θinc:

rf = h tan(θinc + θc)− h tan θinc

=
h sin θc

cos(θinc + θc) cos θinc
=

l0 sin θc
cos(θinc + θc)

, (69)

where the second equality uses tan(θinc + θc) − tan θinc =
sin θc/[cos(θinc+θc) cos θinc]. Substituting r ≤ rf into ε(r) ≤
1
2κmaxr

2 yields (68).

It shows that ε grows linearly with the curvature and
quadratically with the footprint radius, and the maximum
footprint radius grows linearly with l0, the distance between
p and p0. Intuitively, it indicates that the approximation error
is large when the robot is far away from the surface, or when
the robot has a very oblique view of the surface.

2) Effect on the Footprint Ergodic Metric: The footprint er-
godic metric Eγ is a nonlinear function of the trajectory, which
makes it challenging to derive a closed-form representation of
how ε propagates to Eγ . We only provide an intuitive discus-
sion. The metric does not use the footprint points directly. It
uses only a finite set of low-frequency Fourier coefficients of
the time-averaged statistics of the footprint trajectory (Def. 3).
The geometric approximation error (Eq. (68)) ε perturbs each
coefficient bounded by an amount proportional to ε, which is
often a small amount and usually affects the high frequency
components of the Fourier coefficients. Since in practice Eγ
is computed by using only a finite number of low-frequency
modes with decaying weights Λk, the resulting ergodic metrics
are less sensitive to such geometric approximation error.

Finally, for surfaces with large curvatures, or surfaces that
violate Assumption 1 (e.g., 3D objects), a promising future
direction is to iteratively apply our approach to a local region
on such surfaces as the robot moves. Besides, similar to regular
ergodic metric, the proposed footprint ergodic metric (Def. 4)
also suffers from distortion in the metrics, especially when the

surface has large curvature. Such distortion can be handled by
using the eigenfunctions of the Laplace-Beltrami operator on
the surface mesh, which form an intrinsic Fourier-like basis
and reduce to the cosine modes on a flat domain [13], [17],
[37], [38]. As it is not the major focus of this paper, we briefly
showcase its usage in the experimental results (Sec. VII-F).

VII. EXPERIMENTAL RESULTS

We first run experiments with 2D information maps
(Sec. VII-B1-VII-C), then with 3D complex terrains and
3D Objects (Sec. VII-E-VII-F), and finally with real robots
(Sec. VII-G).

A. Experimental Settings

1) Dynamics and Parameters: For experiments with 2D in-
formation maps, the robot dynamics is double integrators with
the robot state including (x, y, z) positions and (vx, vy, vz)
velocities and the robot control including (ax, ay, az) accel-
erations. The position of the robot is limited to a bounded
space [0, 1]3 and the controls are bounded component-wise
within [−0.5, 0.5]. We adopt the uniform circular footprint
model in Example 1, where the footprint radius scales with
altitude as r(t) = khfh(x(t)) and kh = 0.25. The footprint
ergodic metric is approximated using deterministic uniform
sampling inside the unit disk with Cartesian grid resolution
∆ = 0.35, which corresponds to M = 25 sampled points
within the footprint. The number of cosine Fourier basis for
computing the ergodicity is 10× 10.

2) Baseline Methods: We consider the following baselines.
• Baseline 1 Regular Ergodic Metric: It optimizes the orig-

inal ergodic metric E(ϕ, x) with Dirac delta function [6].
• Baseline 2 Fixed Sampled Footprint: It optimizes the pro-

posed footprint ergodic metric yet with a fixed footprint,
which is equivalent to that the robot flies with a fixed
altitude, resulting in a constant footprint radius.

• Baseline 3 Fixed Gaussian Footprint: Following the liter-
ature [10], [17], the uniform footprint in Eq. 4 is replaced
by a Gaussian distribution N (µ(t), σ) whose mean value
µ(t) is same as the robot x, y position, and its variance
σ is constant.

• Baseline 4 HEDAC: It is based on the heat equation
driven area coverage method [12], [13], which guides
robot motion by the gradient of the evolving heat field
instead of trajectory optimization. We implement this
approach with a fixed size sensor footprint in our setting
as a baseline for comparison.

Note that, all baselines have a fixed sensor footprint, while
our approach has a dynamic footprint and the trajectory is
optimized in 3D space, including altitude, without orientation.
Fig. 7 shows the planned trajectories by our FEO.

B. Footprint Ergodic Metrics in Different Maps

We run the planners in four different maps as shown in
Fig. 8 and compare their runtime and the corresponding
ergodic metrics. This section discusses the ergodicity, and we
discuss the runtime in Sec. VII-C later.
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Fig. 7. The experimental results in four different information maps. The first row (I) visualizes the planned trajectories by our FEO. The middle row (II)
shows the corresponding height value (z coordinates) of the robot along the planned trajectories by our FEO. The last row (III) shows four information maps
with various regions with widespread and concentrated information. Our FEO can adapt the flying height of the robot and the sensor footprint based on the
information map.

1) Against Regular Ergodic Metric: The results are shown
in the first column in Fig. 8. Our FEO achieves better (lower)
ergodicity than the baselines with or without log-spaced search
when using the regular ergodic metric. In particular, the
ergodicity is reduced by approximately 57% on Map 1, 76%
on Map 2, 15% on Map 3, and 62% on Map 4, which verifies
the benefits of considering dynamic footprint. In addition to
the improved ergodicity, our FEO consistently reduces the total
runtime across all maps. A detailed discussion on runtime is
provided in Sec. VII-C.

2) Against Fixed Sampled Footprint: The radius of the
fixed footprint is selected as the one corresponding to the
midpoint of the allowable altitude range. As shown in the
middle column in Fig. 8, our FEO achieves lower ergodicity
than the baseline on all four maps, where the ergodicity is
reduced by approximately 57% on Map 1, 74% on Map 2, and
66% on Map 4. In particular, on Map 3, where the information
distribution is relatively smooth and has a single concentrated
area, both methods achieve comparable performance (with
only 3.7% difference). On other maps, the differences in the
ergodicity are larger. When the information map has both
concentrated and wide-spread information, a single fixed-size
footprint (as in the baseline) covers the map poorly, while our
FEO covers well due to the dynamic footprint.

3) Against Fixed Gaussian Footprint: When compared to
the baseline [10], [17] in the last column in Fig. 8. Our

FEO reduces the ergodicity by approximately 18× on Map
1, 61× on Map 2, 40× on Map 3, and 25× on Map 4. The
reason is that a Gaussian footprint with fixed covariance better
covers low-frequency components in the Fourier spectrum and
cannot ergodically cover both concentrated and wide-spread
information simultaneously, while our FEO can adjust the
footprint size when needed.

4) Against HEDAC: As shown in Fig. 9, baseline 4 HEDAC
returns the first solution very quickly and is able to improve
the solution quality as the runtime increases. However, this im-
provement plateaus after a while. In contrast, FEO achieves a
two-order-of-magnitude lower ergodicity than HEDAC within
2 seconds across all four maps. Specifically, in Maps 2, 3, 4,
our FEO reaches the 10−3 ergodicity, which is the termination
threshold for the optimization, within 2 seconds. In Map
1, while both methods show slower convergence, FEO still
reduces the ergodicity by about two orders of magnitude
within 2 seconds. Our observation aligns with the results
reported in the literature [17], which verifies the benefits of
trajectory optimization over PDE-driven solution.

C. Runtime Comparison and Ablation Study

1) Runtime Comparison against Baselines: Although our
method optimizes an additional state dimension (i.e., altitude
in 3D), it often requires less runtime than all baselines across
the four information maps (Fig. 8(b)(I), 8(b)(II), and 8(b)(III)).
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Fig. 8. We conducted a comparison using three baselines to evaluate the trajectory optimization over 100 time steps across four different information maps
shown in Fig 7. In the first row (a), we present the comparison of the ergodic metric. The second row (b) displays the time cost for convergence, while the
third row (c) presents the number of iterations required. Columns (I), (II), and (III) correspond to the results from Baselines 1, 2, and 3, respectively.

Fig. 9. The iterations of HEDAC optimized over four maps shown in Fig. 7,
the footprint size is similar to the Baseline Fixed Footprint VII-A2.

Note that, the number of iterations is not always smaller. In
certain cases (e.g., Map 1), ours requires more iterations than
the baselines (Fig. 8(c)). However, the total runtime remains
much lower, indicating that per-iteration computational run-
time is an important factor. The reason for such computational
efficiency of our FEO is due to (i) the proposed reuse of
Jacobians and (ii) the proposed log-spaced line search, during
the trajectory optimization. We verify the benefits of these two
proposed techniques in the following ablation study.

2) Ablation Study: Within our FEO framework, we con-
sider the following variants for comparison.

• Armijo-NoReuse: This variant uses the popular Armijo
backtracking line search approach and use the auto-
differentiation provided by JAX rather than using our
proposed Jacobian reuse techniques.

• Log-NoReuse: This variant uses our log-spaced line
search and use the auto differentiation provided by JAX
rather than using our proposed Jacobian reuse techniques.

• Armijo-Reuse: This variant uses the popular Armijo
backtracking line search approach and use our Jacobian
reuse techniques.

• Log-Reuse: This variant is the full version of our ap-
proach, including both our log-spaced line search and our
proposed Jacobian reuse techniques.

Fig. 10 shows the per-iteration runtime on four maps. First,
by comparing Armijo-NoReuse and Log-NoReuse, we find
that the proposed log-spaced line search itself can obviously
speed up the computation independently. Second, by com-
paring Armijo-NoReuse and Armijo-Reuse, we find that the
proposed Jacobian reuse technique itself can also obviously
speed up the computation independently. Finally, when apply-
ing both proposed techniques together, further improvement
in runtime can be observed sometimes, but it is often tiny. A
possible reason is that, after the log-spaced line search reduces
the number of iterations, using Jacobian reuse to further save
the computation per iteration become less important since the
number of iterations is already very small.

D. Selection of Parameters

This section studies the effect of the number of footprint
samples M and the number of Fourier bases k, using Map 2
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Fig. 10. Per-iteration runtime comparison of different line-search strategies
across four information maps shown in Fig 7. The proposed gradient reuse
method consistently reduces computational cost.

as an example. As shown in Fig. 11, increasing M does
not consistently improve the ergodic metric while it does
increase runtime, whereas increasing k improves the metric
with diminishing returns.

We find that Eγ has non-monotonic dependence on M ,
which is caused by the sampling of footprint points: As shown
in Fig. 13, the footprint is sampled on a Cartesian grid of
step ∆, and M is the number of grid nodes falling inside the
circular footprint. As ∆ decreases, M changes with discrete
jumps (13, 21, 25, 37, . . . ), each with a different layout rather
than a refinement of the previous one. Consequently, for each
specific M , Eγ varies smoothly with ∆, while Eγ jumps when
M changes (Fig. 12). For example, the reconstructed map
using Fourier coefficients for M = 25 is circular, while varies
with protruding corners at M = 37. Despite these jumps,
note that, this variation is about 10−5, which is orders of
magnitude smaller than the differences in Eγ returned by
different algorithms (Fig. 8). Based on these results, we set
M = 25 and k = 10×10 in all experiments, balancing solution
quality and per-iteration runtime cost.

E. Extensions to Complex Terrains

While the previous sections focused on planar settings, this
section evaluates our FEO on diverse terrains to investigate:

• the benefits of pose-aware planning;
• the computational saving of Jacobian reuse in 3D;
• the generalization to various 3D terrain and objects.
1) Experiment Settings: For experiments with 3D terrain

information maps, the robot state including positions (x,y,z),
velocities (vx,vy ,vz), and pitch and yaw (θp, θi). The robot
control includes accelerations (ax, ay, az) and angular velocity
of pitch and yaw (wp, wi). The position dynamics is double
integrator and the angles follow a single integrator. The posi-
tion of the robot is limited to a bounded space [0, 10]2× [2, 8],
with the additional constraint that the altitude must maintain at

Fig. 11. Ergodicity and runtime with varying M (number of sampled points
in the sensor footprint), and k (number of Fourier basis). All tests are run on
Map 2 in Fig. 7.

Fig. 12. Footprint ergodic metric Eγ versus the footprint sampling step size
∆ on Map 2. Eγ varies “smoothly” with ∆ for each M , but jumps when M
changes. The reason is illustrated with Fig. 13.

least 0.8 m clearance above the terrain surface. The controls
are bounded as ax, ay ∈ [−1.5, 1.5] m/s2, az ∈ [−1.0, 1.0]
m/s2, and ωp, ωy ∈ [−0.3, 0.3] rad/s. The velocity magnitude
is constrained to ∥v∥ ≤ 3.0 m/s, and the pitch angle is limited
to θp ∈ [−45, 45]. We adopt the view cone defined in Sec. 7
with half FOV angle α = 15◦. The footprint are computed
with Nradial ×Nazimuthal = 3× 12 = 36 sampled rays plus the
optical axis itself, yielding 37 sample points. The information
maps ϕ are defined on the 2D terrain manifold as mentioned
in Sec. VI-E1. The terrain is defined as a height function
H : [0, 10]2 → R. As shown in the first row of Fig. 15,
the terrains are generated by mixtures of Gaussians (a-d) and
a real-world terrain (e) constructed from publicly available
elevation data of the Los Angeles region. The information
map are also generated with mixtures of Gaussians randomly
sampled, which are then projected onto the terrain, with the
red areas indicating the high-information regions as shown in
the figure. We refer to these five maps as (a) Double-Peak, (b)
Ridge, (c) Valley, (d) Multi-Peak, and (e) Real-World.
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Fig. 13. Reconstructed footprints for different number of sampled footprint
points M . The top row shows the Cartesian grid samples retained inside the
circular footprint. The bottom row shows the footprint reconstructed from its
Fourier coefficients, where the white circle is the boundary of the footprint.
It help illustrate the reason behind the jump in Eγ in Fig. 12.

Fig. 14. The comparison between position control and altitude control in
different terrains.

2) Pose and Position Planning: Fig. 15 shows the opti-
mized SE(3) trajectories over five different 3D terrains. The
first row displays the trajectories to cover the terrain. The
middle row shows the altitude over time, including terrain
height and safety bounds. The last row illustrates the poses,
where arrows indicate the sensor orientation. Intuitively, the
robot tends to fly with lower altitude to move closer to the
terrain in high-information region, while flying further away
with a large FOV for low-information regions. However, this
is not always the case since the robot FOV has orientation and
it is possible that, the robot is at a high altitude and the FOV
is oblique to better cover the nearby terrains as opposed to
covering the terrains beneath the robot.

To better understand the benefits of planning with orienta-
tion, we compare against a variant where the robot orientation
is fixed to let the sensor always point downwards (i.e., w/o
orientation). Fig. 14 shows that, our method achieves nearly
40% on average smaller (better) ergodicity by planning with
orientation than w/o orientation among five different terrains.

3) Jacobian Reuse in 3D: To investigate the benefits of
computational reuse in 3D, we compare three variants: (i)
Log-NoReuse-JAX uses the automatic differentiation toolbox
to compute the Jacobians; (ii) Log-NoReuse-Analytic uses
the analytical Jacobian we derived without any computational
reuse; and (iii) Log-Reuse-Analytic uses the analytical Jaco-
bian we derived while leverage our proposed computational
reuse as in Sec. VI-F. Note that all three variants compared

here employ the same log-spaced line search to eliminate the
influence of step-size selection, and the only difference lies in
their gradient evaluation.

Fig. 16 shows the average per-iteration runtime in 3D
terrains. First, Log-NoReuse-Analytic is slower than Log-
NoReuse-JAX, since JAX is a fast auto-diff library with
implementation optimization, while Log-NoReuse-Analytic is
implemented in Python and may run slow. Second, although
our Log-Reuse-Analytic is also implemented in Python di-
rectly, compared with Log-NoReuse-JAX, our Log-Reuse-
Analytic reduces the per-iteration runtime by approximately
25%–40%. For example, in Real-World map, the per-iteration
runtime is reduced from 152.3ms (JAX) to 91.6ms (ours),
corresponding to a reduction of approximately 40%.

F. Generalization to 3D Objects

While our main focus is to cover 2D manifolds, such as
uneven terrains, this section evaluates the extension of our
approach to cover complex objects in 3D. As aforementioned
in Sec. VI-G, to avoid metric distortion, we follow the intrinsic
surface representation of [17], where the ergodic metric is
computed using Laplace-Beltrami eigenfunctions [37], [38]
defined on the object surface mesh, rather than the flat 2D
Fourier basis. We use [17] as the baseline and follow its 3D
object coverage optimization setting such as the point-mass
single-integrator dynamics.

For our method, we introduce two variants (ours-1, ours-2):
Ours-1 is same as the baseline with the only difference on its
sensor footprint, which is no longer a fixed Gaussian. Instead,
the sensor footprint is a dynamic cone, whose optical axis
points from the point-mass robot to the nearest point on the
object, and the size of the cone varies based on the distance
to the object. Ours-2 includes orientations into the robot state
and dynamics, as opposed to treating the robot as a point mass
as the baseline and ours-1 do. Ours-2 aligns the optical axis
with the x-axis of the robot. We set a terminating threshold of
2× 10−6 for ergodicity.

Fig. 17 shows that, ours-1 and the baseline [17] achieve
similar performance and trajectories. Specifically, while the
baseline [17] converges faster than ours-1 at the beginning (e.g.
< 300 s), ours-1 eventually converges to the lowest ergodic
metric very quickly among the three planners (1.99 × 10−6

in about 500 s), roughly 1500 s faster than the baseline
(2.10 × 10−6 in more than 2000 s). In contrast, ours-2
converges slower and yields higher ergodicity (3.08 × 10−6

in 2500 s) due to the inclusion of orientation into the robot
dynamics, which makes the optimization harder. For a more
rigorous discussion of ergodicity on curved surfaces, please
refer to [13], [17].

G. Real Robots Experiments

We deploy our planner on quadrotors with dynamics [39].
We use Crazyflie 2.1 micro aerial vehicles [40] within a motion
capture system, which are controlled using the Crazyswarm2
framework [41] integrated with ROS2 [42]. Each quadrotor is
equipped with a downward-facing LED to visualize its sensor
footprint during the robot motion.
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Fig. 15. SE(3) trajectories planned by our FEO over various complex terrains. Each row corresponds to a different terrain map: (a) Double-Peak, (b) Ridge,
(c) Valley, (d) Multi-Peak, and (e) Real-World. Among them, (e) is constructed from publicly available elevation data of the Los Angeles region. First Row:
spatial trajectories over terrain surfaces. Middle: altitude profiles over time, including terrain height and safety bounds. Last Row: full SE(3) pose evolution
with orientation visualization. Our FEO adjusts both position and orientation to conform to terrain geometry using its dynamic sensor footprint.

Fig. 16. Per-iteration runtime for complex terrains. All planners use log-
spaced line search. Our method with analytical gradient reuse can consistently
reduce runtime in all terrains.

The test environment is a 2D workspace of size 4.0 × 4.0
meters with a single drone that seeks to ergodically cover a
2D information map. The flying height of the drone is limited
to [0, 1] meters. The planning horizon is 10 seconds with each
time step being 0.1. Fig. 1 and 18 show the test setting and
some snapshots of the robot motion. We place a few items
on the ground in the test area to indicate the information
distribution. The robot first flies high to cover the wide-spread
information with a coarse sensor footprint. After a while, the
robot flies to the information peak and lowers its altitude, as

shown in Fig. 1(b), in order to cover the dense information
with a fine sensor footprint.

VIII. CONCLUSIONS AND FUTURE WORK

This paper explores Ergodic Trajectory Optimization with
Dynamic sensor Footprints (ETO-DF) and introduces a new
footprint ergodic metric that considers the dynamic sensor
footprint. We formulate a corresponding Optimal Control
Problem (OCP), and develop a numerical approach FEO to
compute the proposed footprint ergodic metric and leverage
Lagrangian optimization to solve the problem. The key idea in
our FEO is the derivation of analytical gradient of the sampled
points in the sensor footprint with respect to the robot pose
in SE(3), for both flat ground and uneven terrain represented
by manifolds. We evaluate our FEO and compare it against
several recent baselines in various maps, with both simulation
and real quadrotor experiments. The results verify that, our
FEO can plan trajectories for the robots by considering their
varying sensor footprints so as to better cover the information
map ergodically.

For future work, one can consider dynamic sensor footprints
in dynamically changing information maps by integrating the
Bayesian filtering framework [34], or consider connectivity
maintenance and communication among the robots [35].
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Fig. 17. Tests on 3D objects. (a) Ergodic metric versus wall time. Our FEO
achieves the fastest convergence and the lowest final metric. (b)-(d) Trajectory
of three different methods.
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APPENDIX

This appendix details the proofs of lemmas in Sec. VI.

A. Proof of Lemma 1

For a fixed tangent plane with parameters (p0,n) and a
fixed ray with parameters (β, φ), recall that the footprint point
associated with ray (β, φ) is q(β, φ) = p+ l∗(β, φ)d(β, φ),
where l∗(β, φ) = h/D(β, φ), h = n⊤(p − p0), and
D(β, φ) = −n⊤d(β, φ). Then,

∂h

∂p
=
∂n⊤(p− p0)

∂p
= n⊤, (70)

D(β, φ) is constant, and

∂l∗

∂p
=

∂

∂p

(
h

D

)
=

1

D

∂h

∂p
=

1

D
n⊤. (71)

Then, Eq. (56) to be proved is obtained by:

∂q

∂p
=

∂

∂p
(p+ l∗d) = I3 + d

∂l∗

∂p
= I3 +

1

D
dn⊤. (72)

B. Proof of Lemma 2

1) Cone Basis Derivatives: The cone basis vectors e1 and
e2 are defined in Definition 10:

e2 = − a× n

∥a× n∥
, e1 = e2 × a. (73)

We first derive the derivative of e2. Let [x]× ∈ R3×3 denote
the skew-symmetric matrix such that [x]×y = x × y. Let
c = a× n, so e2 = −c/∥c∥ with ∥c∥ = sin θinc. With ∂c

∂a =
−[n]×, we have:

∂e2
∂a

=
1

sin θinc

(
I3 − e2 e

⊤
2

)
[n]×, (74)

where I3 − e2 e
⊤
2 is the projection onto the plane orthogonal

to e2. An equivalent expansion of this expression is:

∂e2
∂a

=
1

sin θinc
[n]× +

1

sin2 θinc
e2a

⊤ +
cos θinc

sin2 θinc
e2n

⊤, (75)

which can be verified by expanding (I3 − e2e
⊤
2 )[n]×. With

e1 = e2 × a = −[a]×e2, we have:

∂e1
∂a

= [e2]× − [a]×
∂e2
∂a

. (76)

2) Derivative of Ray Direction: Combining cone basis
derivatives (Eq. 73-Eq. 76) and Eq 52 yields

∂d

∂a
= cosβ I3 + sinβ cosφ

∂e1
∂a

+ sinβ sinφ
∂e2
∂a

. (77)

3) Derivative of Denominator: We now derive ∂D
∂a with D

defined in Eq. 53. The denominator D depends on a through
θinc. Based on the geometry,

cos θinc = −n⊤a, sin θinc =
√
1− (n⊤a)2 (78)

Taking derivatives with respect to a yields

∂ cos θinc
∂a

=
∂(−n⊤a)

∂a
= −n (79)

For sin θinc, applying the chain rule yields

∂ sin θinc
∂a

=
∂

∂a

√
1− (n⊤a)2 =

cos θinc
sin θinc

n
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Now we can compute ∂D
∂a :

∂D

∂a
=
∂ cos θinc

∂a
cosβ +

∂ sin θinc
∂a

sinβ cosφ

=

(
− cosβ +

cos θinc sinβ cosφ

sin θinc

)
n

=
− sin θinc cosβ + cos θinc sinβ cosφ

sin θinc
n (80)

Let Nu = − sin θinc cosβ + cos θinc sinβ cosφ, then the
above expression can be written as

∂D

∂a
=

Nu

sin θinc
n (81)

4) Complete Orientation Jacobian: Note that the footprint
point is q = p+l∗d, where l∗ = h/D. Since h = n⊤(p−p0)
is independent of a, we have

∂l∗

∂a
= − h

D2

∂D

∂a
(82)

The complete orientation Jacobian is then:

Ja(β, φ) =
∂q

∂a
= l∗

∂d

∂a
+ d

∂l∗

∂a
=

h

D

∂d

∂a
− h

D2
d

(
∂D

∂a

)⊤

,

(83)

where ∂D
∂a is given by (81), and ∂d

∂a is given by (77), which
completes the proof.
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