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Abstract. This paper considers Motion Planning among Dynamic Ob-
stacle (MPDO), which seeks collision-free path for a point robot with
maximum speed limit from given start to goal position in 2D continuous
space among dynamic obstacles along known trajectories while minimiz-
ing the arrival time. Existing algorithms can either find feasible solu-
tions for MPDO without solution optimality guarantees, or solve spe-
cial cases of MPDO to optimality using continuous Dijkstra paradigm.
A major difficulty in MPDO is to compute the reachable space of the
robot among dynamic obstacles which involves boolean operation over
complex point sets. This paper proposes a new method Wavefront Arith-
metic Propagation (WAP) to address this difficulty by converting these
complex boolean operations to efficient arithmetic operations on a new
data structure which we refer to as the waveseg graph. Additionally, we
implemented the proposed WAP, which is rare in the field of contin-
uous Dijkstra, and compare against mixed integer programming (MIP)
baselines. Results show that, WAP can find optimal paths in complex en-
vironments among tens of dynamic obstacles in less than a second while
achieving earlier arrival time than the baseline methods.

Keywords: Motion and Path Planning, Dynamic Obstacles

1 Introduction

Motion planning is of fundamental importance in robotics [5, 10, 14, 15]. This
paper considers Motion Planning among Dynamic Obstacle (MPDO), which
seeks a collision-free path for a point robot with maximum speed limit from a
given start to a goal position in 2D continuous space while minimizing the arrival
time. In particular, the obstacles in MPDO can be non-convex, static, transient
(i.e., appear or disappear at any time), or dynamic (i.e., moving along known
trajectories). When the obstacles are static, there are algorithms for finding an
optimal or bounded sub-optimal solution in polynomial time [5, 14, 15]. In the
presence of dynamic obstacles, this problem is known to be NP-Hard [4].
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Fig. 1: An MPDO instance and the earliest-arrival solution produced by WAP. There
is a static obstacle o1 (dark square) and a dynamic obstacle o2, with light gray squares
indicating the start and gray trianglar waypoints indicating its trajectory. The time axis
is discretized with t∆ = 0.1. The light blue curves show the boundaries of the reachable
sets for every 1 second. The blue line from S to G is the computed earliest-arrival path.
(a) The deep blue curve shows the boundary of the reachable set at time t1 = 2.2. For
boundary points P1 and P2, the robot cannot reach them earlier than t1 (b) The brown
and green curves show the boundary of the reachable set at times t2 = 3.6 and t3 = 5
respectively. Due to dynamic obstacles, reachable points may become inaccessible at
later times. For example, point P3 is reachable at time t2 but blocked by the obstacle
o2 at time t3. (c) The violet and olive green curves show the boundary of the reachable
set at times t4 = 7.5 and t5 = 10 respectively. WAP terminates when the reachable set
contains the goal point G at time t5.

Existing methods can find optimal solutions for only a few special cases of
MPDO. When obstacles are convex polygons moving along fixed directions with
constant speeds, an optimal solution can be found by constructing an “accessibil-
ity graph” [8] in 3D where time is added as the third dimension. When obstacles
are convex polygons, mixed-integer programming [1, 21, 24, 26] can address the
problem. When obstacles are polygons, static or transient, Continuous Dijkstra
(CD) paradigms [7,11,17,18] can be leveraged to compute an optimal solution by
alternating between propagating the wavefront and detecting events where the
wavefront intersects with each other or with the obstacles. When both obstacles
and robot path are rectilinear, an improved version of the CD with reduced time
complexity has recently been developed in [16]. To address transient obstacles,
existing CD methods often rely on assumptions on “monotonous paths” [7, 16],
which, intuitively speaking, only consider monotonous growing reachable sets
and cannot handle the case where dynamic obstacles may re-enter the previ-
ously reachable sets as time evolves. Finally, while these CD-based methods find
optimal solutions in theory, we are not aware of any implementations or any
numerical results of these algorithms.

To address the challenges, we propose a new method Wavefront Arithmetic
Propagation (WAP) that can handle general (non-convex) obstacles as opposed
to mixed-integer programming [1, 21], and can plan general paths among dy-
namic obstacles as opposed to the monotonous paths in CD [7,16]. While WAP
also relies on the idea of wavefront propagation, WAP is fundamentally different
from the existing CD-based methods. Instead of relying on the notion of events as
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in CD, WAP discretizes the time-axis into time steps, and propagates the wave-
fronts between time steps. WAP is inspired by the Huygens-Fresnel principle [3]:
this provides an intuitive understanding that finding the reachable space can be
viewed as independently propagating each point on the wavefront and taking
the union of the results. Then, at each time step, WAP computes the resulting
wavefronts based on boolean operations over the previous wavefronts, the newly
swept areas and the obstacles. There is no obvious way to directly conduct these
boolean operations as it is hard to represent arbitrary set of points. We bypass
this difficulty by (i) introducing the concept of “wave segment” (waveseg) and a
data structure Waveseg Graph (WGs), to capture the topology of the wavefront
for boolean operations; (ii) converting the boolean operations over sets to arith-
metic operations in WGs; and (iii) developing efficient algorithms to conduct
these arithmetic operations.

Besides the proposed algorithm, another contribution is the implementation
and numerical evaluation, which is rare in the field of CD for motion plan-
ning. We compare WAP against recent mixed-integer programming (MIP) ap-
proaches [21,26] that also rely on discrete time step representation and can find
optimal solutions among convex polygonal obstacles. The results show that WAP
runs 2.93× to 4.37× faster than the baselines, provides optimality guarantees in
arrival time, and achieves near-optimal path lengths. Our video shows a complex
environment with 30 dynamic obstacles where WAP finds an optimal solution
in under a second.

2 Other Related Work

While finding the optimum for MPDO is challenging, there are many algorithms
to compute a feasible solution. By discretizing the workspace into a graph,
search-based planners [20, 23] can find an optimal solution within the graph,
whose quality is determined by the resolution of the discretization. Path-velocity
decomposition methods [13] can also be leveraged to find a feasible solution by
first finding a path among static obstacles and then finding the speeds along the
path to avoid the dynamic obstacles. Sampling-based methods [6,12] have been
applied for generalizations of MPDO with motion constraints and can be used
to find feasible solutions. To quantify the deviation of these feasible solutions
from the optimum, one can find tight lower bounds [22] to provide posteriori
sub-optimality bound of the obtained solution.

By discretizing the time dimension, one can also formulate the MPDO as
a mixed-integer linear program (MILP) [1, 21, 24] or mixed-integer conic pro-
gram (MICP) [26,27], which uses big-M constraints to encode obstacle collision
constraints at each time step, and invoke solvers such as Gurobi to solve the
formulation to optimality. We compare our WAP against this type of methods.
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3 Problem Description

Let W ⊂ R2 denote a bounded 2D workspace. Let t∆ > 0 denote a fixed time
interval and the time dimension is discretized into time steps ti = i · t∆, i =
0, 1, 2 · · · . For each time ti, let Oi = {o1i , o2i , ...} denote a set of time-dependent
transient obstacles. We assume all obstacles are arbitrary finite-edge polygons
and their edges do not overlap1. The boundaries of obstacles are traversable,
i.e., each o ∈ Oi is an open point set. Let Oi denote the unified non-traversable
space, i.e., Oi =

⋃
o∈Oi

o.
The robot is a point that can move in any direction with a speed limit of

vmax ∈ R+. Let s⃗, g⃗ ∈ W represent the start and goal location of the robot.
Let π : ⟨p⃗0, p⃗1, . . . , p⃗n⟩, where p⃗0 = s⃗, p⃗n = g⃗, denote a path of the robot that
reach g⃗ at time tn, and let p⃗i denote the i-th waypoint at time ti. MPDO seeks
a path π from s to g with the minimum tn that satisfies: (i) speed constraint:
∀i ≤ n, |p⃗i − p⃗i+1| ≤ vmaxt∆, and; (ii) collision free: ∀i ≤ n, p⃗i /∈ Oi.

Remark 1. In this problem, we only consider transient obstacles that appear or
disappear at each time step. The trajectory of a moving obstacle can be converted
to transient obstacles by sampling its position at each time step. This problem
setting does not explicitly consider collision avoidance between two adjacent time
steps during the transition. In practice, this can be avoided by applying obstacle
inflation that considers vmaxt∆.

4 Methods

4.1 Basic Concepts

We employ some basic concepts from topology that will be used in this work.

Definition 1. For a given point set S ⊂ W, let Int(S) and ∂S denote the
interior and boundary respectively. S is a regular set (RS) if ∂(Int(S)) = ∂S [25]
(Fig 2(a) illustrates these concepts). Let ‘¬’ denote the complement operator of
a point set, i.e., ¬S = W\S. Let B(p⃗, d) denote a closed RS in circle centered
at p⃗ with radius d, and let Bϵ(p⃗) := limϵ→0 B(p⃗, ϵ).

Let Rn denote the set of points that the robot can reach at time tn, starting
from t0 at position s⃗. Then Rn can be represented recursively as follows:

R0 = {s⃗}, (base case)
Un = Rn−1 ⊕B∆, (propagation)
Rn = Un ∩ ¬On, (restriction)

(1)

where B∆ = B(⃗0, vmaxt∆) and ⊕ is the Minkowski sum of two sets, i.e., X⊕Y =
{x⃗ + y⃗|x⃗ ∈ X, y⃗ ∈ Y,X, Y ⊂ W}. In Eq. (1), Un denotes the point set that all
points in Rn−1 moves in all directions in W, and we refer to this process as
propagation. Then Un is clipped by On to ensure the reachable set is collision-
free at tn, and we refer to this process as restriction.
1 We can always merge polygons with overlapping edges into one.
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Fig. 2: (a) Examples of regular sets and irregular sets. (b) A reachable set R with
two components Ra, Rb and a hole bounded by wavesegs l̃2,1, · · · , l̃2,4. (c) A full-circle
waveseg is split into a circular arc (blue) and a segment (green) by the boundary of an
obstacle. (d) The restriction introduces the component L, which is not a regular set.

Definition 2. (Wavefront and Wavesegs) The boundary of the reachable set at
tn, ∂Rn, is called wavefront. ∂Rn can be expressed as a set of directional curves
{l̃1, l̃2, ..}, where each l̃ ∈ ∂Rn is called a waveseg. The direction of waveseg will
be defined in Def. 3. A waveseg l̃ is a closed set consisting of three parts ls, le, l̃o.
Here, ls and le are start and end points of the curve, respectively, while l̃o is
the open set of l, excluding ls and le. This means that l̃o never intersects with
other wavesegs. Specifically, when the waveseg l̃ is a full circle, we can choose
an arbitrary point p ∈ l̃ and set ls = le = p. All wavesegs form multiple loops
without any self-intersection (See in Exp 1).

Definition 3. (Direction of Wavesegs) The direction of l̃ at a point p⃗ ∈ l̃ is
defined by the unit vector tangent to l̃ at p⃗, pointing from ls to le, denoted as
p⃗(l̃). For a reachable set R, the directions of wavesegs determine the interior
and exterior of R. Let nl

↶(p⃗) and nl
↷(p⃗) denote the unit normal vector of p⃗(l̃)

pointing to left and to right w.r.t. l, respectively. Let N(l̃) = {p⃗ ⊕ Bϵ(p⃗)|p⃗ ∈ l̃}
denote all nearby points of l̃. A point q⃗ ∈ N(l̃) is left (or right)2 to l̃ if ∃p⃗ ∈ l̃
that nl

↶(p⃗) · (q⃗ − p⃗) > 0 (or nl
↷(p⃗) · (q⃗ − p⃗) > 0 for right). For a point p that

is not on the boundary (p /∈ ∂R), p is in interior (exterior) of R if (i) ∃q⃗ that
is left (right) to any waveseg of ∂R; and (ii) there exists a continuous path that
connects q⃗ and p⃗ without intersecting any waveseg. Jordan Curve Theorem [9]
ensures that a point p⃗ ∈ R cannot be both in the interior and exterior of R.

Example 1. (Components of Reachable Set) In Fig. 2(b), the regular set R can
be represented by two regular sets {Ra, Rb}. The boundary of R consists of
three loops l̃1,··· (blue), l̃2,··· (green) and l̃3,··· (orange). Their directions define
the interior and exterior of R. Specifically, all points inside the region defined

2 We define the left/right relationship only for nearby points of a waveseg.
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by green wavesegs are exterior points, creating a hole in Ra. Also note that
∂Ra ∩ ∂Rb = {p}, while Int(Ra) ∩ Int(Rb) = ∅.

Exp. 1 shows that, due to time-dependent transient obstacles, Rn may contains
multiple reachable regions with holes, and ∂R may form multiple loops. In the
remaining content, we refer the different reachable regions and loops as compo-
nents of R and ∂R respectively. For a given waveseg l̃, let R(l̃) and ∂R(l̃) denote
the corresponding component that l̃ is part of.

Remark 2. At any time tn > 0, each waveseg can be represented by either a
circular arc or segment. Intuitively, during the propagation from tn−1 to tn, for
a point p⃗ ∈ ∂Rn−1, p⃗⊕B∆ is a subset of Un, and ∂(p⃗⊕B∆) has a single waveseg
l̃ (i.e., a full circle). Then the restriction may introduce a segment from the
border of an obstacle that splits l̃ into a circular arc l̃1 and a segment l̃2 (see in
Fig 2(c)). We will show that wavesegs of a propagation can still be represented
by arcs and segments (see in Exp 2).

Note that Rn guarantees that a collision-free path exists for all points p⃗ ∈ Rn.
However, the lengths of these paths are not necessarily the same. Since our
objective is to minimize arrival time, we never split a reachable set based on the
path length metric.

Remark 3. Rn may contains regular set (e.g., Un), segments L and points P
(e.g., R0), where L and P are not part of RS. Fig. 2(d) shows an scenario of
generating a segmental reachable set that not be part of any regular set. To
simplify discussion, for the remainder of the paper, we will refer to Rn by its
regular set component and disregard L,P . In Sec. 4.4, we will show that the
proposed method still works when L,P are considered.

Now we demonstrate the result of propagating a waveseg l̃. Let Sw(l̃) ⊂ Un

denote the newly swept region of a waveseg l̃ propagates from tn−1 to tn, i.e.:

Sw(l̃) = Sw(l
s) ∪ Sw(l

e) ∪ Sw(l̃
o) ⊇ (l̃ ⊕B∆)\Rn−1, (2)

where Sw(l̃
o) consists of points generated by moving all points in l̃ to the right

direction of l̃, i.e., {p⃗+ vmaxt∆nl
↷(p⃗)|p⃗ ∈ l̃o}; and Sw(l

s) (or Sw(l
e)) is a quar-

ter circle centered at ls (or le) and propagates in direction nl
↷(ls) (or nl

↷(le))
without overlapping with Sw(l̃

o). Exp. 2 demonstrates the propagation.

Example 2. (Waveseg Propagation) Fig. 3(a,b) shows the result of propagating a
single waveseg l̃. Sw(l̃

o) is shown in blue, dashed arrows at v ∈ l̃ are in direction
nl
↷(v⃗) with length vmaxt∆. Sw(l̃s), Sw(l̃e) are shown in green. We can see that

using quarter circles is enough to represent the propagated region such that
Sw(l̃) ⊇ (l̃ ⊕ B∆)\Rn−1. Figure 3(c,d) demonstrates the result of propagating
a wavefront. We can see that all wavesegs expand towards the exterior region,
resulting in a larger reachable region (represented by the outer blue and green
wavesegs) and a smaller hole (represented by the inner blue wavesegs).
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Fig. 3: Red areas represent a subset of the reachable region from the previous iteration.
Green and blue areas represent the swept regions generated by propagation. Solid
arrows indicate the direction of wavesegs, while hollow arrows show the movement
direction of a point during propagation. (a) Propagation of a single circular waveseg;
(b) Propagation of a single segment waveseg; (c) Propagation on a wavefront; (d)
Propagation of a hole in the wavefront;

Un in Eq (1) can be expressed as an union of multiple regular sets (RSs)

Un = Rn−1 ∪
( ⋃
l̃∈∂Rn−1

Sw(l̃)
)
. (3)

Eq (3) suggests that we can compute Un and Rn via boolean operators on finite
number of RSs. For this purpose we introduce the concept, indicator scalar field
(ISF) of a regular set X ⊂ W; and we define boolean operators to compute ISF
of X from subsets of it.

Definition 4. (Indicator Scalar Field) For an RS, X ⊂ W, F(∂X)(·) defines
an indicator scalar field (ISF), for a point p⃗ ∈ W:

F(∂X)(p⃗) =


0, if p⃗ /∈

(
∂X ∪ Int(X)

)
(exterior point)

1, if p⃗ ∈ ∂X (boundary point)
2, if p⃗ ∈ Int(X) (interior point),

(4)

Next we define the boolean operators of F(·) for two RSs X1, X2 ⊂ W.

Union ISF of X = X1 ∪X2 is expressed as follows:

F
(
∂X

)
(p⃗) =

{
f
(
F(∂X1) + F(∂X2)

)
for p⃗ /∈ ∂X1 ∩ ∂X2 (5)

r(X1 ∪X2, ∂X1 ∩ ∂X2, p⃗) for p⃗ ∈ ∂X1 ∩ ∂X2 , (6)

where f(x) = min(x, 2) is a saturation function indicates that if p⃗ is an interior
point any of X1, X2 then it must be an interior point of X1 ∪X2; and r(X,D, p⃗)
is a repairing function that considers Bϵ(p⃗) to ensure F(∂X) is defined when p⃗
locates at both boundary of X1 and X2, that

r(X,D, p⃗) =


0, if ∀q⃗ ∈ Bϵ(p⃗)\D, that F(∂X)(q⃗) = 0

2, if ∀q⃗ ∈ Bϵ(p⃗)\D, that F(∂X)(q⃗) = 2

1, otherwise.
(7)

Eq (7) indicates that a p⃗ is an exterior (or interior) point of X if all nearby points
Bϵ(p⃗)\D are exterior (or interior) points, while the point p⃗ is on the boundary
if there exist both interior and exterior points in Bϵ(p⃗)\D.
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Fig. 4: (a) A regular set R = (S1 ∪ S2) ∩ ¬O1 is defined by boolean operations on
multiple regular sets. (b) The ISF value of points p1, · · · , p6 in each regular set.

Complement ISF of the complement set is:

F(∂(¬X)) = 2−F(∂X), (8)

which turns all interior points to exterior (and vice-versa) while leaving all
boundary points unchanged.

Intersection ISF of X = X1 ∩X2 is expressed as follows:

F
(
∂X

)
(p⃗) =

{
2− f(4− (F(∂X1) + F(∂X2))), for p⃗ /∈ ∂X1 ∩ ∂X2, (9)
r(X1 ∩X2, ∂X1 ∩ ∂X2, p⃗) (Eq. (7)), for p⃗ ∈ ∂X1 ∩ ∂X2,

where Eq. (9) comes from De Morgan’s laws that X1∩X2 = ¬(¬X1∪¬X2) with
Eq. (5) and (8). Exp. 3 shows how to leverage the boolean operators to compute
the ISF value of a point.

Example 3. Fig. 4(a) shows a regular set R = (S1 ∪ S2) ∩ ¬O1 that consists
of multiple subsets, and Fig. 4(b) shows the ISF value of points p1, · · · , p6 in
S1, S2, O1 and R. By applying Eqs. (5)–(9), we can compute the ISF values as
shown in Fig. 4(b). For instance, F(∂R)(p4) = 2− f(4− (2+ 1)) = 1 (boundary
point) and F(∂R)(p5) = 2 − f(4 − (2 + 0)) = 0 (exterior point). Note that
computing F(∂R)(p1) requires the repairing function (Eq. (7)), as p1 lies on the
boundary of both S1 and S2. In Sec. 4.2, we will show that our method does not
need to address such case.

We should strictly distinguish between a set of regular sets and their composition
via boolean operators. For example, in Fig. 4, R = {S1, S2, O1} is a set of regular
sets, while R is a new regular set composed by boolean operators on R. R and R
represent different set of wavefronts. Next, we introduce Waveseg Graph, which
allows us to compute Rn within finite steps by leveraging the concept of ISF.

Definition 5. (Waveseg Graph) For a set of regular sets, P = {P1, . . . , Pn},
let l̃a,i denote the i-th waveseg of Pa ∈ P. A Waveseg Graph (WG), denoted as
Gw(P) = (V,E) is a directed graph constructed from all wavesegs in P. In short,
V consists of the ending points of all wavesegs in P and the points located on



WAP for Motion Planning Among Dynamic Obstacles 9

Fig. 5: Waveseg Graph, Gw(A,B,C,D), is built
from regular sets A,B,C,D. Each regular set forms
a loop in WG. Vertex v1 is a tangent point between
∂A and ∂B, splitting ∂A into e1, e2. Here, v2 is an ar-
bitrarily chosen endpoint for the full-circle waveseg
of ∂A. Two wavefronts, ∂B, ∂C have a waveseg over-
lapping at v3 and v4, forming a duplicated edge
e3 = eB3 = eC3 , which is indicated by the dashed
line. Edges e4, e5, e6 connect vertices v5, v6, where
e4, e5 are in the same direction, indicating that Gw

can be a multi-graph.

multiple wavesegs. Each e ∈ E is a subset of one or more wavesegs. Formally
speaking:
Vertices For a single waveseg l̃, its start and end points are graph vertices, i.e.,
ls, le ∈ V . For a pair of wavesegs l̃a,i ∈ Pa, l̃b,j ∈ Pb, where a ̸= b: (1) if l̃a,i and
l̃b,j intersect at p⃗, then p⃗ ∈ V ; (2) if l̃a,i and l̃b,j overlap along a curve whose
endpoints are p⃗ and q⃗, then p⃗, q⃗ ∈ V .
Edges A waveseg l̃ is split into multiple edges by v ∈ V ∩ l̃, for an edge e = (u, v),
let A(e) denote the set of wavesegs intersect or overlap with e: (1) if u, v are from
ending points of overlapped wavesegs l̃1, l̃2, then e has both directions of l̃1, l̃2, and
A(e) ⊇ {l̃1, l̃2}; (2) otherwise e is subset of a single l̃ and has the same direction
as l̃, and A(e) = {l̃}. We refer to an edge e for which |A(e)| > 1 as a duplicated
edge. All edges are open set excluding their end points, i.e., V ∩ E = ∅.

WG is a directed cyclic graph where each cycle represents a loop on the wavefront
of Pi ∈ P. WG is also a multi-graph, meaning there can be multiple edges between
the same pair of vertices. For example, in Fig. 5, e4 = (v5, v6) and e5 = (v5, v6)
are different edges. Next, we show an important property of WG that enables
us to compute the reachable set Rn within finite steps.

Lemma 1. Consider a WG, Gw(P) = (V,E), where P = {P1, . . . , Pn}. Then
for any points p⃗, q⃗ on the same edge e ∈ E, for all Pi ∈ P, we have:

F(∂Pi)(p⃗) = F(∂Pi)(q⃗). (10)

Furthermore, for any p⃗, q⃗ on a continuous curve c ∈ W, if c ∩ Gw(P) = ∅ then
Eq. (10) also holds.

Sketch Proof Assume there are an edge e ∈ E, a pair of points p⃗, q⃗ ∈ e and a
RS Pi ∈ P, such that F(Pi)(p⃗) ̸= F(Pi)(q⃗). Then, moving from p⃗ to q⃗ along e
must cross the boundary of a RS Pj ∈ P (where i, j might be the same), which
contradicts the assumption that p⃗, q⃗ ∈ e. ⊓⊔

4.2 WAP Algorithm

We solve MPDO by finding the minimum n such that g ∈ Rn. Computing Rn is
equivalent to finding all wavesegs of ∂R, which can be achieved by identifying all
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Algorithm 1 WAP
1: procedure WAP(s⃗, g⃗, vmax, t∆,W)
2: n,R0 ← 0, {s⃗}
3: while g /∈ Rn do ▷ Check whether F(∂Rn)(g) = 0
4: n← n+ 1
5: Pn ← Propagation(Rn−1, vmax, t∆) ▷ Eq. (1) and (2)
6: Gw ← BuildWG(Pn,On) ▷ Def. 5
7: λ1(·), λ2(·)← CalcAllLambda(Gw,Pn,On) ▷ Alg. 2
8: ∂Rn ← {e ∈ Gw | γ(λ1(e), λ2(e)) = 1} ▷ Eq. (13)
9: if Rn = ∅ then

10: return No Solution
11: return n ▷ g is reachable at tn

points p⃗ ∈ W such that F(∂Rn)(p⃗) = 1. For this purpose, we can constructed a
WG (Def. 5) from all regular sets (RSs) involved in propagation and restriction.
According to Lemma 1, we only need to evaluate a single point on each edge of
the WG.

Next we establish the expressions to compute F(∂Rn)(p⃗) when p⃗ is not on a
duplicated edge. The handling of duplicated edges is discussed in Sec. 4.4. For
simplicity, in the remainder of the paper, we assume that duplicated edges do
not exist unless explicitly mentioned.

Let Pn = {Rn−1}∪{Sw(l̃)|l̃ ∈ ∂Rn−1} denote all RSs involved in propagation,
and let Gw : (E, V ) denote the WG constructed from Pn and On (obstacle set
at tn). For a point p⃗ on an edge of Gw, let

λ1(p⃗) =
∑
P∈Pn

F(∂P )(p⃗), (11)

λ2(p⃗) =
∑

O∈On

F(∂O)(p⃗), (12)

γ(a, b) = 2− f(2− f(a) + f(b)) , (13)

Lemma 2. F(∂Rn)(p⃗) = γ(λ1(p⃗), λ2(p⃗)) holds when p⃗ is not on a duplicated
edge of Gw.

Proof (Proof sketch). Since p⃗ is not on a duplicated edge, the repairing function
(Eq. (7)) is never invoked, so the saturation function distributes over sums: f(a+
f(b+ c)) = f(a+ b+ c) when a, b, c > 0. Applying the union operator (Eq. (5))
to Pn yields F(∂Un)(p⃗) = f(λ1(p⃗)), and similarly F(∂On)(p⃗) = f(λ2(p⃗)). The
result follows by applying the complement operator (Eq. (8)) to On and the
intersection operator (Eq. (9)) to Un ∩ ¬On.

Alg. 1 demonstrates the key procedures of WAP. In each iteration, we first
propagate all wavesegs from the previous iteration according to Eq. (2) and
obtain Pn (line 5). Then we build the Waveseg Graph, Gw(Pn,On), based on
Def. 5 (line 6). Next, we compute the value of λ1, λ2 of all edges (line 7), which
will be discussed next. Finally, according to Eq. (13), we can identify all wavesegs
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Algorithm 2 Compute λ1, λ2 of All Edges
1: procedure CalcAllLambda(Gw,Pn,On)
2: Etodo ← E(Gw) ▷ Edge set to be evaluated
3: for e ∈ Etodo do
4: m← middle point of e
5: λ1(e)←

∑
P∈Pn F(∂P )(m) ▷ Eq. (11)

6: λ2(e)←
∑

O∈On
F(∂O)(m) ▷ Eq. (12)

7: if use spread then ▷ Improvement by spread, discussed in Sec. 4.3
8: Espread ← Spread(e, λ1, λ2, ∅, Gw,Pn,On) ▷ Alg. 3
9: Etodo ← Etodo\Espread

10: return λ1, λ2

11: procedure F(∂R)(p)
12: q, cnt← (∞,∞), 0 ▷ q is far enough that outside R
13: q̃p← Ray(q, p)
14: for l̃ ∈ ∂R do
15: for v ∈ Intersect(q̃p, l̃) do ▷ Compute all intersection points
16: if |vp| = 0 then
17: return 1 ▷ On boundary
18: ∆← sign(q̃p · nl

↶(ṽ)) ▷ sign(x) ⇒ −1 : x < 0, 0 : x = 0, 1 : x > 0
19: cnt← cnt+∆

20: return 2× cnt

of ∂Rn by selecting those edges for which γ(λ1(e), λ2(e)) = 1 (line 8). The
algorithm terminates at the first time Rn contains g (line 3), which can be
determined by evaluating F(∂Rn)(g). There are two cases when there is no
solution: (i) Rn becomes an empty set, meaning that there is no reachable point
from tn, then the algorithm terminates and confirms that there is no solution
(line 10); (ii) The algorithm keeps iterating and never terminate, e.g., when s⃗, g⃗
are in different connected components.

Alg. 2 computes λ1, λ2 for all edges in WG (line 3 to 10). Lines from 7 to 9
are enhancements that will be discussed in Sec. 4.3. To compute λ1(e), λ2(e),
we firstly select a point m ∈ e (line 4) then evaluate the summation of F(·)(m)
according to Eq. (12) and (11) (line 5 to 6). Here m can be chosen arbitrarily
(Lemma 1), in our case, it is the middle point of e.

Procedure F(∂R)(p⃗) (Alg 2, line 12 to 20) computes the ISF value at p⃗ of a
regular set R according to Def 4. Line 12 to 20 can be viewed as an adaption
of the well-known Ray Crossing algorithm [19], which tests whether a point is
in a polygon. The main difference is that, we compute intersections between a
ray q⃗p and a waveseg l̃ ∈ ∂R (line 15), where l̃ can be either a circular arc
or a segment (Remark 2). For each intersection point v, if |vp| = 0, we can
confirm p⃗ is on boundary and directly return (line 17). Otherwise, we use the
dot product between q⃗p and nl

↶(ṽ) to determine whether q⃗p is entering the
interior (or exterior), and we then increase (or decrease) the counter accordingly
(line 18). Specially, if q⃗p · nl

↶(ṽ) = 0, it implies that q⃗p is tangent to a circular
waveseg or collinear with a segment waveseg. Both cases should not affect the
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Algorithm 3 Spread λ1 and λ2 to Other Edges
1: procedure Spread(e : (u, v), λ1, λ2, Edone, G

w,Pn,On)
2: Edone ← Edone ∪ {e} ▷ Record e has been done
3: ▷ All edges in Gw at v are arranged by polar angle in CCW
4: nxt← NextAdj(v, e) ▷ Pick the edge next to e
5: if nxt ∈ Edone then ▷ Each edge only be evaluated once.
6: return Edone

7: pe, pn := pe ∈ e, pn ∈ nxt ▷ Pick a point on e and n.
8: ∆λ1(e→ nxt)← 0
9: ∆λ2(e→ nxt)← 0

10: if R(nxt) ∈ Pn then
11: ∆λ1(e→ nxt)←

∫ pn
pe
∇F(∂P )(x) · dx ▷ Integration according to Eq. (14)

12: else
13: ∆λ2(e→ nxt)←

∫ pn
pe
∇F(∂P )(x) · dx

14: λ1(nxt)← λ1(e) +∆λ(e→ nxt)
15: λ2(nxt)← λ2(e) +∆λ(e→ nxt)
16: Edone ← Edone ∪ Spread(nxt, λ1, λ2, Edone, G

w,Pn,On) ▷ Spread recursively
17: return Edone

counter. Note that lines 15 to 18 might be affected by numeric errors, leading to
an incorrect ISF value, which may alter the topology of the reachable region. Our
implementation mitigates this by using an ε-distance test for point coincidence
and restarting an iteration from a different starting edge whenever unclosed
boundaries are detected.

4.3 Improvement Through Gradient Integration

Computing λ1(e), λ2(e) for all e ∈ E can be expensive, we now present a method
to speed up this procedure. Since F(∂R)(·) is defined in a continuous space, we
can construct its gradient field, ∇F(∂R). This enables us to define F(∂R)(p⃗) as
a result of gradient integration. Specifically, consider a regular set R, a waveseg
l̃ ∈ ∂R, and any point p⃗ ∈ l̃. Let q⃗l, q⃗r ∈ Bϵ(p⃗) denote nearby points of p⃗ left
and right to l̃ respectively. The gradient field can be constructed as follows:

∇F(∂R)(p⃗) = 0, ∀p⃗ /∈ ∂R∫ q⃗

p⃗
∇F(∂R)(r⃗) · dr⃗ = 0, ∀q⃗ ∈ l̃o∫ p⃗

q⃗r
∇F(∂R)(r⃗) · dr⃗ = 1∫ p⃗

q⃗l
∇F(∂R)(r⃗) · dr⃗ = −1

(14)

Eq. (14) indicates that when a point q⃗ is not on boundary, the gradient of q⃗ is
0⃗. For any q⃗, p⃗ ∈ l̃, the gradient integration result from q⃗ to p⃗ is always 0. If a
path enters the boundary from the exterior (or interior), the gradient integration
increases by 1 (or decreases by 1), and if a path exits the boundary to the exterior
(or interior), the gradient integration decreases by 1 (or increases by 1).
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Fig. 6: A subgraph of Gw(Pn,On) is shown, where
shaded area represents a non-traversable region due
to obstacles. The dark edges {e1, e3, e5, e7} are on the
boundary of obstacles from On; green and blue edges
are on the boundary of regular set from Pn. Assume
we have λ1(e1) = 2, λ2(e1) = 1. By using spread, and
following the curves c1, c2, c3 (red), we can compute
λ1(·), λ2(·) for other edges that are in the same con-
nected component as e1.

The concept of gradient integration allows us to compute the ISF value at p⃗
from any point whose ISF value is known, rather than always from a far away
point q⃗ (Alg. 2, line 12). Specially, we have

F(∂R)(p⃗) = F(∂R)(q⃗) +

∫ p⃗

q⃗

∇F(∂R)(x) · dx (15)

This means that, once the values λ1(e), λ2(e) have been evaluated (Alg. 2 line 5,6),
we can use them to compute λ1, λ2 of all adjacent edges on Gw without expen-
sive computation on line 5 and 6. We refer to this procedure as spread (Alg. 3).
Exp. 4 illustrates this procedure.

Example 4. Consider a subgraph of WG, Gw(Pn,On) as shown in Fig. 6. The
dark edges {e1, e3, e5, e7} are on wavesegs from On, green and blue edges are on
wavesegs from Pn. Assume we have λ1(e1) = 2, λ2(e1) = 1, and we begin the
spreading from e1. First, we sort all edges connected to v1 in a counter-clockwise
(CCW) direction, resulting in the edge list [e1, e2, e3, e4]. Next, we integrate along
the curve c1 to compute λ1(e2) and λ2(e2). Recall that Pn,On only contribute
to λ1, λ2 respectively (Eq. (11), (12)). For λ1(e2), we are integrating from the
interior of R(e2) ∈ Pn to the boundary of R(e2), so λ1(e2) = λ1(e1)− 1 = 1; for
λ2(e2), we are integrating from the boundary of R(e1) ∈ On to the interior of
R(e1), so λ2(e2) = λ2(e1) + 1 = 2. The same procedure applies along c2, c3 to
compute values for e3, e4 and all other edges in the same connected component.
In practice, each edge is evaluated only once. Blue edges e8, e9 cannot be spread
because they are in a different connected component from e1.

Spread (Alg. 3) explores Gw in a depth-first manner. For an edge e : u → v who
has been evaluated, we sort all adjacent edges of e at v by polar angle in CCW,
and visit the next nxt immediately after e (Line 4). This guarantees that there
is no other wavesegs between e and nxt, allowing us to directly apply Eq. (14)
(Line 11). After computing the λ1(nxt), λ2(nxt), we visit adjacent edges of nxt
(Line 16) recursively. The recursion guarantees that each edge is visited only
once (Line 5), ensuring that it terminates in a finite number of steps.
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(ii) Scenario: wait

Fig. 7: Test scenarios: (a)elude and (b)wait.
Black polygons are static obstacles. Gray
polygons indicate the start and end positions
of dynamic obstacles, with their trajectories
indicated by gray dashed lines and arrows. In
each scenario, the start and goal locations are
randomly sampled from the green and red re-
gions, respectively.

4.4 Discussion

Irregular Sets in Rn. As discussed in Remark 3, the reachable point set Rn

may contains irregular sets, which are intentionally ignored in our method. The
reason is that, the operation Rn−1 ⊕ B∆ in propagation (Eq. (1)) makes all
irregular sets to regular sets. Hence, when we build WG and run procedures in
Alg. 2, the theoretical foundations (Lemma 1 and 2) still hold.
Duplicated Edges. When a point p⃗ lies on a duplicated edge of the WG (i.e.,
shared by multiple wavesegs), the formula in Lemma 2 does not directly apply.
However, in most cases, such edges can still be treated as non-duplicated: if the
edge lies in the interior of XP (or XO), it does not affect the final boundary and
can be safely ignored. The remaining cases reduce to a base scenario involving
exactly two overlapping regular sets, where the ISF value is directly determined
by the relative orientation of the two wavesegs.
Optimality. The reachable set Rn at each iteration (Eq. 1) is complete. Because
any point p /∈ Rn is either unreachable due to speed limit (i.e., not in Un =
Rn−1 ⊕ B∆) or blocked by obstacles (i.e., Un ∩ ¬On). Thus, WAP never miss
any feasible collision-free path, and WAP terminate at the first iteration that
Rn covers the goal, ensuring the earliest arrival time.
Runtime Complexity. Let Ni denote the number of wavesegs at the i-th it-
eration. The complexity of a single iteration at ti is O(N2

i · log(N2
i )), where N2

i

arises from the number of edges in WG, and log(N2
i ) is due to computing the

intersections between wavesegs using a K-D tree [2]. Existing work [7] suggests
that, in the worst case, n wavesegs can generate O(n2) new wavesegs in a sin-
gle propagation when the time dimension is continuous. As time increases, the
number of wavesegs can grow exponentially in the worst case, and the overall
runtime complexity of our method is non-polynomial. A more precise complexity
bound that takes into account discretized time could be an interesting direction
for future work.

5 Experimental Results

We compare our WAP with MIP methods CP-MILP [21] and MICP [26]. All
code is implemented in C++ and compiled by g++-11 with the -O2 flag. All
experiments run on an Intel® CoreTM i7-14700KF CPU. The code and datasets
will be publicly available after acceptance.
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Fig. 8: Runtime comparison. (a) and (c) show the runtime of all instances in the
scenarios elude and wait. Each point (x, y) represents the result of an instance, where
x is the runtime of WAP, and y represents the runtime of the corresponding method;
smaller values are better. (b) and (d) show the speedup ratio of WAP compared to
competitors; a value greater than 1 indicates that WAP is faster.

Fig. 9: Solution quality comparison. (a) and (c) show the arrival times (Arr. Time). (b)
and (d) show the path lengths (Path Len.). The purple dashed line, y = x, represents
the path quality of WAP. A point of a competitor above this line indicates that the
competitor has worse quality than WAP in the corresponding instance.

Baselines Both CP-MILP [21] and MICP [26] work in continuous space under
discretized time and max speed constraint. Additionally, they have a maximum
time step constraint, Tmax, and only consider solutions with arrival times before
Tmax. In this experiment, we set the t∆ = 0.1, vmax = 1 and Tmax = 20 (i.e.,
200 time steps). CP-MILP minimizes arrival time but uses axis-aligned speed
bounds, so the per-step reachable set is a square rather than B∆. We evaluate
it in two configurations: MILP− (vmax,x = vmax,y = 1√

2
, total max speed 1)

and MILP+ (vmax,x = vmax,y = 1, total max speed
√
2). MICP uses the same

reachable set as WAP but minimizes travel distance; we use it as a path length
reference with a 5% optimality gap. We also compare WAP with the brute-force
version, i.e., without spread, referred to as WAP-BF.
Dataset We test on two representative scenarios elude and wait (Fig. 7). Each
scenario includes 128 instances. The elude shows a situation with a static obstacle
in the middle and two dynamic obstacles moving in workspace. The wait shows
a situation where a dynamic obstacle moves across the corridor, resulting in the
robot waiting for the dynamic obstacle to pass. WAP-BF has a 68% success
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rate in elude and 96% in wait, due to numerical errors: it invokes PointInRS
approximately two orders of magnitude more frequently than WAP, incurring
a higher probability of numerical failure per iteration. WAP requires far fewer
ray-casting calls per component because spread derives most ISF values from
adjacent edges directly. All other baselines also achieve 100% success rate. We
exclude failed instances from WAP-BF results below.
Result Fig. 8 shows the runtime comparison. We can see that, in both scenarios,
WAP is significantly faster than the others. Specifically, consider the median of
speedup ratio compared to MILP− (Fig. 8(b,d)), WAP is 2.93× faster in elude
and 4.37× faster in wait. We can also see that spread in WAP achieves a speed-
up of 3.71× in the elude scenario and 2.86× in the wait scenario compared to
brute force. Fig. 9 compares the solution quality. We can see that WAP has a
smaller arrival time compared to MILP− in both scenarios, as WAP guarantees
optimality in arrival time. MILP+ has ≈ 10% smaller arrival time (Fig. 9(a,c))
because it is configured with a larger maximum speed. The arrival times of
MICP are mostly around 20 (Tmax) because MICP only optimizes the path
length. Fig. 9(b,d) show that, the path length of WAP is within ±10% to MICP,
indicating that WAP also achieves near-optimal path length.

6 Conclusion and Future Work

This work considers Motion Planning Among Dynamic Obstacles (MPDO) in
continuous space and aims to minimize the arrival time. We propose an arithmetic-
based wavefront propagation method, WAP, to solve the problem in discretized
time steps. Experiment shows that, our method can be 2.93 to 4.37 times faster
than baselines and achieves a near-optimal path length.

Limitations and Future Work There are some limitations in our current
method and can be addressed in future work. First, WAP may never terminate if
the instance is unsolvable. This issue can be resolved by conducting connectivity
analysis in each iteration. Second, Alg. 2 may suffer from numerical errors, which
impact the result of reachable set Rn. Future work includes developing methods
to identify and repair numerical errors during planning.
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